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1. [31 pts] Response time for a mobile Web site is the speed of page downloads. Let X denote 
the number of bars of service and Y the response time (to the nearest second) for a particular 
user and site. The joint pmf of X and Y is shown below. 
 

          X 
Y 

1 2 3 

4 0.15 0.10 0.05 
3 0.02 0.10 0.05 
2 0.02 0.03 0.20 
1 0.01 0.02 0.25 

 
(a) Find the marginal pmf of X. 
 
 
 
 
 
 
 

 
(b) Given that a user has 2 bars of service, find the probability the response time will be 1 or 2 
seconds. 
 
 
 
 
 
 
 
 
 
 
 
(c) Given that a user has 2 bars of service, find the minimum mean square error estimate of Y, 
�̂�𝑀(2). 
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(d) Given that a user has 2 bars of service, find the linear mean square error estimate of Y, 
�̂�𝐿(2). 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(e) For each of the following statements, circle it if it is TRUE. 
 
i. �̂�𝑀(2) will always be more accurate than �̂�𝐿(2) 

ii. �̂�𝐿(2) will always be more accurate than �̂�𝑀(2) 

iii. �̂�𝑀(2) will sometimes be more accurate than �̂�𝐿(2) 

iv. �̂�𝐿(2) will sometimes be more accurate than �̂�𝑀(2) 

v. �̂�𝑀(2) will be more accurate than �̂�𝐿(2) on average 

vi. �̂�𝐿(2) will be more accurate than �̂�𝑀(2) on average 

vii. �̂�𝑀(2) and �̂�𝐿(2) will always be equally accurate 



Page 4 

2. [18 pts] The owner of a small gas station has his 1,500 gallon tank of 93-octane gas filled up 
once at the beginning of each week. The random variable 𝑋 is the amount of 93-octane the 
station sells in one week (in thousands of gallons). The PDF of 𝑋 is shown below. 
 

𝑓𝑋 = {
𝑥, 0 ≤ 𝑥 ≤ 1
1, 1 < 𝑥 ≤ 1.5
0, otherwise

 

 
(a) Find the unconditional (“blind”) estimate of the amount of gasoline the owner will sell in 
one week. 
 
 
 
 
 
 
 
 
 
(b) Find Var[X]. 
 
 
 
 
 
 
 
 
 
 

 
 

(c) Assuming the amount of gasoline sold each week is independent of other weeks, estimate 
the probability that the total amount of gasoline sold in one year (52 weeks) is greater than 
52,000 gallons.  
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3. [21 pts] In the manufacturing of crankshaft bearings, typically the proportion of defective 
bearings is .092. When a modification to the manufacturing process is made, the proportion of 
defective bearings is lowered to .067.  Suppose 40% of bearings are manufactured using the 
old process and the remaining 60% are manufactured using the modified process. 
   
(a) Consider a batch of thousands of bearings (where 60% of bearings are manufactured 
using the modified process). If a bearing is randomly selected from the batch and it is 
defective, find the probability it was manufactured using the modified process. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
(b) Suppose we have 10 bearings, 4 of which were manufactured using the modified process. 
If we randomly select 2 of these 10, find the probability that exactly 1 will have been 
manufactured with the modified process. 
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(c) Assume 10 bearings were all produced using the same process. Design a MAP hypothesis 
test that determines which manufacturing process was used based on the number of defective 
bearings. Be sure to clearly state your hypotheses in context of the problem.  
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4. [12 pts] In the following system, each component’s lifetime, X, is a Weibull random variable. 

(X is measured in months.) Specifically, 𝑓𝑋(𝑥) = 2𝑥𝑒−𝑥2
, 𝑥 ≥ 0. The lifetime of each 

component is independent of the others. Components are replaced when the system fails to 
operate (not necessarily when one component dies). 
 
 
 
 
                        
 
 
(a) Find the probability that any one of these components will last longer than 1 month. 
 
 
 
 
 
 
 
 
 
 
 
(b) Find the probability that this system will run for at least 1 month without having to 
replace any of the components. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1 2 

3 

4 
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5.  [34 pts] At a certain restaurant, a group’s wait time to be seated after arrival is an 
exponential random variable, 𝑋, with 𝐸[𝑋] = 20 minutes. Once seated, the time for the waiter 
to reach the table and take their order is an exponential random variable, 𝑌, with 𝐸[𝑌] = 5 
minutes.  Assume X  and 𝒀 are independent. 
 
(a) SET UP (but do not compute) an integral or integrals that will give the probability that a 
group will spend more time waiting for the waiter to take their order than to be seated. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) Find the expected value and the variance of the total wait time, 𝑊 = 𝑋 + 𝑌, the time 
between arriving and ordering. 
 
 
 
 
 
 
 
 
 
 
(c) The restaurant claims that it is very unlikely that a group’s total wait time will be longer 
than 45 minutes. Can you use Chebyshev’s Inequality to support or refute this claim? Explain. 
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(d) Set up (but do not compute) an integral or integrals that will give either the cdf or the pdf 
of the total wait time, 𝑊. It does not matter which you choose, but clearly indicate whether 
you have found the cdf or the pdf. (You will receive 0 points for differentiating the cdf given 
below.) 

 
 
 
 
 
 
 
 
 
 
 
 
 

(e) The cdf of 𝑊 is 𝐹𝑊(𝑤) =
1

3
(𝑒−

𝑤

5 − 4𝑒−
𝑤

20 + 3) , 𝑤 ≥ 0 

Find the probability that the total wait time will be more than 30 minutes. 
 

 
 
 
 
 
 
 
(f) Set up (but do not compute) an integral that will give the expected total wait time for 
groups whose total wait time is at least 30 minutes. 
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6. [10 pts] A grocery store employee works between 0-50 hours each week. The pdf of 𝑋, the 
number of hours the employee works per week, is shown below. 

𝑓𝑋(𝑥) =
𝑥 + 4

1450
, 0 ≤ 𝑥 ≤ 50 

 
The employee currently makes $12/hour if he works between 0-40 hours per week. If he 
works over 40 hours in a week, he gets paid overtime (“time and a half”); that is, he gets paid 
$18/hour for those hours beyond 40. So the amount of his paycheck each week, 𝑊, in dollars, 
is  

𝑊 = {
12𝑋, 0 ≤ 𝑋 ≤ 40

480 + 18(𝑋 − 40) 𝑋 > 40
 

 
Find the cdf of 𝑊. 
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7. [18 pts] A town is trying to determine the rate of COVID-19 infections in their population.  
They have been told by state officials the infection rate could be as high as 5%, but they 
suspect it is much lower. They decide to randomly select and test individuals each day until 
they find one person who tests positive. They will do this for 30 days.  
 
(a) If the infection rate is actually 5%, find the probability that on any given day, they will 
have to test no more than 5 people. 
 
 
 
 
 
 
 
 
 
(b) Find the expected value and the variance of the average number of people that must be 
tested each day over the 30 day period. 
 
 
 
 
 
 
 
 
 
 
(c) Using the average number of people that must be tested each day over the 30 days, design 
a significance test with 𝛼 = .01 to determine whether to reject the null hypothesis that the 
infection rate is 5%. Design the test so they will reject the null hypothesis if the average 
number of people tested is too low. You should use the Central Limit Theorem. 
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8. [6 pts] When a particular nuclear plant is operating normally, it sometimes releases a 
detectable amount of radioactive gases. The CDF of 𝑋, the number of radioactive gas emissions 
over a one month period, is given below. 𝑋 is a Poisson random variable. (Note the graph 
continues past what is shown.) 
 
(a) Find the expected value of 𝑋. 
 
 
 
 
 
 
 
(b) Find 𝑃[𝑋 = 2]. 
 
 
 
 
 
 
(c) Find 𝑃[𝑋 < 3]. 
 

𝑒−2 

3𝑒−2 

5𝑒−2 

19

3
𝑒−2 


