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DISCRETE RANDOM VARIABLES

Bernoulli (p) For 0<p < 1:

1—p =0 EX]=p
Px(x)=<p r=1
0 otherwise Var[X] = p(1 - p)

Binomial (n,p) For a positive integer n and 0 < p < 1:

n _ E[X]=np
T )T oz =0,1,2,...,
= [ s ”
0 otherwise Var[X] = np(l — p)
Discrete Uniform (k,l)  For integers k and [ such that k < [:
1
=k k41,1 k41
Py(@)=d1—k+1 " i Ex) ="
0 otherwise 2
(l—k)(I—-k+2)
X] =
Var[X] 15
Geometric (p) For0O<p<1:
1—p)* 1t 2=1,23,... 1
Py(z) = 471 7P) . BlX] =
0 otherwise P
1-(1-p)* z=1,2,3,... 1—p
Fx(z) = Var[X]| =
x(@) {O otherwise ] p?
Pascal (k,p) For positive integer k and 0 < p < 1:
r—1\ —k
1—p)* =k, k+1,k+2, ...
Py (2) = (k_1>p( )t w=kk+ 1 k+2 Bx) <k
0 otherwise
k(1 —
Var[x] = M1=P)

Poisson (o) For a > 0:

{amea r=0,1,2, ... ElX]=a

Px(z) = x!

0 otherwise Var[X] = «
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CONTINUOUS RANDOM VARIABLES

Erlang (n,\)

A 1 e—/\m

fx(x) = { (n—1)!

0

1 . e—)\CE
Fx(x) =
0
Exponential (\) For A > 0:
Ae— M
xTr) =
fx () {O

_ef)\x

Gaussian (u,0)

) == 7w
Rayleigh (a) Fora >0:
fx(z) =

1—e@2/2 >0
FX(QC‘)—{ -

Uniform (a,b)

B
fx(z) = {ba

0

0
e

{an e—a’7?/2 4 >0

=2 (Aa)F
3 ( k!)

k=0

x>0
z <0

x>0
<0

Tz <0

z <0

For constants a < b:

a<x<b

otherwise

r<a
a<z<b

z>b

For A > 0 and a positive integer n:

x>0

<0

x>0

z <0

For 0 > 0 and —o0 < 1 < 00:

o—(@—p)?/20?

E[X] =T
Var[X] = %
EIX] = 5
VarlX] =
EX]=n
Var[X] = o2
BlX]= /55
Var[X] = 42;2”
BX] = a —2i— b
—a)?
Var[X] = (b T )
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Standard Normal CDF &(z)
| = P(z) | z P(z) | z P(z) | z P(z) | z P(z) |z P(z) |
000 05000 | 050 0.6915 1AMy L8213 1.50 09332 | 2,00 097725 | 2.50 099379
001 0.5040 | 051 06950 | .01 08438 | 1.51  0.9345 | 2,01 097778 | 2.51  0.99396
002 (0. 5080 .52 06985 1.02 0.8461 1.52 (L9357 2.02 097831 2.52 0.994]13
0,03 0.5120 .53 07019 1.03 (0.8485 1.53 O.9370 203 097882 2.53 (.994 30
004 05160 | 054 0.7054 | 104 08508 | 1,54 09382 | 204 0097932 | 2.54  0.99446
0,05 0.5199 {155 0. 7088 1.05 0.8531 1.55 1.9394 2.05 0.97082 2.55 0.99461
0.0 0.5239 .56 07123 [ATSY 0.8554 1.56 (.94 206 (. OR300 2.56 0.99477
007 0.5279 | 0.57  0.7157 1.07  0.8577 1.57 009418 | 2.07 098077 | 2.57  0.99492
0,063 (.5319 (.58 0. 7190 .08 0.55909 .58 (1,942 208 0985124 2.58 (1.995(h
0.09  0.5350 | 0.590 0.7224 109 08621 1.5  0.09441 | 2.00 0985169 | 2.50  0.09520
0.10 0.5398 .60 7257 .10 0.8643 .64y (.9452 2,10 095214 2.60 (.99534
011 05438 | 061 0.7291 .11 08665 | 161 009463 | 2,11 0L08257 | 2.61 0.99547
omi12 (0.5478 (.62 0.7324 1.12 0. 8686 1.62 (1.9474 2.12 0. OK 300 2.62 (.09560)
0.13  0.5517 | 0.63  0.7357 1.13  O.8708 | 1.63 09484 | 2,13 098341 | 2.63 099573
0.14 0.5557 164 0.7389 1.14 08729 1.64 09495 2.14 098382 2.64 (99585
15 0.5596 (.65 0.7422 1.15 0.8749 1.65 (L9505 2.15 0.98422 2.65 (1.99598
0.16  0.5636 | 066 0.7454 | 1.6 08770 | 1.66 09515 | 2.16 098461 | 2.66 099600
017 0.5675 | 067 07486 | 117 08790 | 1.67 09525 | 2,17 0098500 | 2.67 09962
0.18 0.5714 (.68 07517 I.18 S8 10 |.68 (19535 2,18 098537 2.68 (3.99H32
019 0.5753 (1.69 0.7549 1.19 0L.EE30 .69 (1.9545 2.19 098574 2.69 (.09643
020 0.5793 | 070 07580 | 1200 008849 | 1700 09554 | 2200 098610 | 270 099653
.21 (1.5832 .71 07611 1.21 (. BE69 1.71 01.9564 2.21 098645 2.71 (3.99664
0,22 0.5571 (.72 07642 1.22 (LEEE8 1.72 (.9573 2.22 0.98679 2.72 (.99674
023 05910 | .73 0.7673 1.23 0.8907 1.73 00582 | 2.23 0098713 | 2.73 0099683
0.24  0.594% | 074 07704 | 1,24 0.8925 | 1,74 095091 | 2,24 098745 | 2,74 0.996093
0.25 0.50587 | 075 0.7734 1.25 0.8044 1.75 (.9500 2.25 DO8TTH 2.75 (.99702
026 06026 | 076 07764 | 1.26 08962 | 1.76 009608 | 2.26 008200 | 2.76 000711
0.27 06064 | 077 07794 | 1,27 08980 | 177 09616 | 2.27 0 0098840 | 277 0.99720
0.28 0.6103 L 0.7823 1.28 0.8997 1.78 (19625 2.28 098870 2.78 0.99728
0.29 06141 | 079 07852 1.20 09015 | 1.79 09633 | 2.29 (098899 | 2.79 099736
030 06179 | 080 07881 1300 00032 .80 09641 2300 (L9802 2.R0 000744
031 06217 | 081 07910 | 131 090409 | 181 09649 | 2,31 (0.08956 | 281 0.099752
0.32 0.6255 .82 0.7939 1.32 09066 1.82 (1.9656 2.32 0. 9RO83 2.82 0.997TH0
0.3: 0.6203 | 083  0.7967 1.37 00082 | 1.83 09664 | 2.3 099010 | 283 0.99767
.34 .6331 =4 0. 79495 1.34 O, O .54 09671 2.34 0.OU3 6 2.84 0.99774
0.35  0.6368 | .85 0.8023 1.35 09115 | 1.85 0967% | 2.35 099061 | 2.85 099781
0,36 0.6406 | 086 0.805] 1.36 09131 1.86 09686 | 2,36 0.,99086 | 2806 (099788
0.37 06443 .87 08078 1.3 09147 1.87 (1,960 3 2.3 099111 2.87 0.90795
0.38 06480 | 088 08106 | 1.38 09162 | 1.88 09699 | 238 0099134 | 2.88 (0.9980]
0.39  0.6517 | 089 (L8133 1.30 09177 | 1.89 09706 | 2.39  (0.99158 | 2.89 0.99807
040 06554 | 0090 08159 | 140 09192 | 1.90 09713 | 2400 099180 | 290 099513
.41 (1.659] (. EIRG 1.41 0.9207 1.91 09719 2.41 099202 201 (0.09819
0.42  0.662% | 0092 08212 .42 09222 | 1.92 09726 | 2,42 0.99224 | 292 (99825
0.43 (0, i .93 0.8238 1.43 0.9236 1.93 .9732 2.43 0949245 2.93 (0.99831
044 06700 | 094 08264 | 1.44  0.925] 1.94 009738 | 244 099266 | 294  (.99836
.45 0.6736 .95 0.85289 .45 0.9265 1.95 (.9744 2.45 099286 2.095 0.00984 1
046 0.6772 | 096 (L8315 46 09279 | 196 09750 | 246 099305 | 296 0.99846
0.47 06808 | 007 08340 | 1.47 09292 | 1.97 09756 | 2.47 099324 | 297 09985
.48 0.6844 (1.08 0.8365 1.48 0,930 .08 .9761 2.48 0.99343 2.98 (.09856
0.49 06879 | 099 08359 | 1.49 09319 | 1.99 09767 | 2.49 099361 | 2.99  (0.99861
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Complementary CDF Q(z)
z Q(z) z Q(z) z Q(z) z Q(z) z Q(z) |
3.00 0 1.35.107% | 3400 3371074 | 3800 7230075 | 4200 1.33.0107° | 460 2.011-107°
3.01 131-107% | 341 325004 | 381 6951077 | 4.21 1.28-107 | 4.61  2.01-107°
3.02  1.26-107% | 342 3131074 | 382 6671077 | 422 1.22.107° | 462 1.92-10°
3.03 0 122-107F | 3420 302007 | 283 6411077 | 4230 117-1077 | 463 1831070
304 L18107F | 344 2910074 | 384 6151077 | 424 1.12-107° | 464 1.74.107"°
305 104107 | 3450 280-107% | 385 591.1077 | 425 1071077 | 465 1.66-10°°
3.06  1.11-107% | 346 2.70-107% | 386 5.67-107° | 4.26 1.02:10° | 466 1.58.10°°
307 1.07-107 | 347 260-107% | 387 5441077 | 427 977-107% | 467  1.51-107"
308 1.04.107% | 348 0 251107 | 388 522,107 | 428 934.107° | 468  1.43.10°°
300 L0010 | 340 242.107% | 389 5001077 | 429 503.107% | 469 1.37-107"
300 968107 | 3500 233004 | 300 4811077 | 430 £.54.107% | 470 1.30-107°
301 935004 | 3.5] 224.007% | 391 461-107% | 4.3 E6-107° | 4.71 1.24-10—%
312 9.04-107% | 352 2.16-107% | 392 4.43.107° | 432 780-107° | 472 1.18.10~°
313 B.74-107% | 353 2.08-107% | 393 4.25.1077 | 433 7.46-107° | 473 1.12-10°°
314 8451074 | 354 200107 | 394 4071075 | 434 7.02.107° | 474 1071070
305 8.06.107% | 355 1930074 | 395 3911077 | 435 6.81-107° | 475 1.02.10°"
316 7.89.10% | 356 1.85.107% | 306 3751077 | 436 6.50-107° | 476 9.68.1077
317 7.62-10% | 357  1.78-10% | 397 3.59.107° | 437 6.21-100° | 477 9.21-1077
308 7.36-100% | 358 1.72.10% | 308 3.45.1075 | 438  593.107° | 478 8.76-107
319 7.01-107% | 359 1.65-107% | 399 3301077 | 439 567-107° | 479  8.34.10°7
3,20 6.87-107% | 360  1.59.10% | 400  3.17-107° | 440  541-107° | 480 7.93.107
321 6.64-100% | 3.61 1531074 | 401 3.04.107° | 441 5.17-107% | 481 7.55.10°7
322 641-107% | 362 1.47-107% | 402 291-107° | 442 494.107° | 482 7.18.1077
323 6.19-107% | 363 1.42.107% | 403 2.79.107° | 443 4.71-107° | 483  6.83.10°7
324 S5S9810°% | 364 1.36:-10°% | 404 2671075 | 444 450.107° | 484 649.10°7
325 5.77-100% | 365 1.31-107% | 405 2.56-107° | 445 4.20.107° | 485 6.17-1077
3.26 0 5571077 | 3660 1.26-107% | 406 2451077 | 446 4.10-107° | 486 S8T7-1077
327 5381074 | 367 1.21-107% | 407 2350077 | 447 391-107% | 487 5.58.10°7
328 S09-107% | 368 107107 | 408 2250077 | 448 373.107° | 488 530107
3.20 0 5.01-107% | 369 1121074 | 4090 2061077 | 449  356.107° | 489  5.04.10°7
3300 4831074 | 370 LO08107% | 410 2071077 | 450 3.40-107° | 490 4.79.10°7
331 4.66-100% | 371 1.04-107% | 411 1981075 | 451 3.24-107° | 491 4.55.10°7
3.32 0 4501074 | 372 996-1077 | 412 1L.R9-107° | 452 3.09.107% | 492 433007
333 434107 | 373 9.57.07F | 403 B0 | 4530 295.007° | 493 4011077
334 4.09-107% | 374 92001077 | 404 1741077 | 454 281-107° | 494 3911077
3.3¢ 4.04-107% [ 3,75 B.E4.107F | 415 1661077 | 455 268107 | 4095 3.71-10°7
3360 390-107% | 376 8.50.107F | 406 1.59.107% | 456 256.107° | 496 352107
337 3.76-107% | 377 8.16-107° | 417  1.52-107° | 4.57 2.44.107° | 497  3.35.10°7
338 3621074 | 378 7841077 | 408 1461077 | 458 2.32.107% | 498 3081077
3,30 340104 | 370 7.53.107% | 4019 13941075 | 459 222.107° | 4099 3.02.10°7
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1. Two Variable Joint CDF, PMF and PDF

(a) Fx y(z,y) =P[X <z,Y <y|= / / fx,v(u,v)dvdu
(b) PX,Y(Zan) :P[XZIE, Y_y]

0’F
(c) fx,v(z,y)= W

2. Marginal PMFs and PDFs

(a) Discrete: Px(x) = Z Px y(z,y) and Py(y Z Px y(z,y)
yeSy TESx
(b) Continuous: / fxyv(z,y)dy and fy(y / fx,v(z,y)d

3. Covariance and Correlation Coefficient

(a) E[X +Y]=FE[X]+ E[Y]

(b) Cov[X,Y] = E[(X — ux)(Y — py)] = E[XY] - E[X|E[Y] = uxy — pxpy
(c¢) Var[X + Y] = Var[X] + Var[Y] + 2 Cov[X, Y]

Cov[X,Y]  Cov[X,Y]

Var[X|Var[Y]  oxoy

(e) X and Y are said to be uncorrelated if Cov[X,Y] = 0.

(d) px,y =

4. Functions of Two Random Variables W = ¢(X,Y’)

(a) Discrete: Py (w) = ZZ Px,y(z,y)

9(z, y)=w
(b) Continuous: Fy(w) = P[W <w]= // fx,v(z,y)dedy
g(z,y)<w
5. Expected Value of W = ¢g(X,Y)
(a) Discrete: ZZ (z,y) Pxy(z,y)
z,y)ESx,y
(b) Continuous: / / (x,y) fx,v(z,y)dxdy

6. PDF of the Sum of Two Continuous Random Variables

(a) The PDF of W =X 4+Y is

= /_OO Ifx,y(z,w—x)dr = /_00 fx,v(w—y,y)dy.

(b) When X and Y are independent, the PDF of W = X +Y is

=/°° fx(w—y) fy(y)dy = /OO fx(@) fy (w — z) d.
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7. Conditioning a Random Variable Given an Event B C Sx with P[B] >0
Px ()
eB
(a) Discrete:  Pyp(x) =4 P[B]
0 otherwise

fx(z)
B
P [B] T €
0 otherwise

(b) Continuous:  fx|p(z) = {

8. Conditional Expected Value of a Function of a Random Variable Given an Event B

(a) Discrete: E[g(X)|B] = Z g(z) Px|p()

reB

(b) Continuous:  E[g(X)|B] = /00 9(z) fxp(z) dzx

—00

9. Conditional Variance of a Random Variable Given an Event B

Var[X|B] = E[X2|B] — (E[X|B))’

10. Conditional Joint PMF and PDF Given an Event B C Sxy with P[B] > 0
Px y(z,y
[P wwen
(a) Px,y|p(z,y) = [B]
0 otherwise
fX Y(xv y)
5 (z,y)eB
(b) fX,Y\B(%?/) = P[B]
0 otherwise
11. Conditional Expected Value of W = ¢g(X,Y) Given an Event B
(a) Discrete: E[W|B] = Z Z r,y) Pxy|B(7,v)
:CESX yESy
(b) Continuous:  E[W|B] :/ / g(x,y) fX7y|B<I',y) dz dy
12. Conditioning by a Random Variable
o PX, y(.%', y)

(a) Conditional PMF: Py (z]y) = P[X = z|Y =y] Py (1)
Note: Px y(z,y) = Pxy(z|y) Py (y) = Py x (ylz) Px(z).
(b) Conditional PDF: fX‘Y(ac]y) = w

Note: fx,y(z,y) = fx|Y($|y> fr(y) = fY\X(?J’@ fx(z).
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13. Conditional Expected Value of a Function g(X,Y) Given Y =y

(a) Discrete:  Elg(X,Y)[Y =y = Y g(a,y) Pxy(zly)

€Sy
(b) Continuous:  Elg(X.Y)IY =3 = [~ glavy) Fy (aly) da
14. N Independent Random Variables
(a) Discrete:  Px, .. xn(x1,...,2n) = Px,(z1) Px,(x2) -+ Pxy(2n)
(b) Continuous:  fx,. . xn(®1,...,2n) = fx,(x1) fxo(22) -+ fxpn(zn)

15. Central Limit Theorem (Approximation)
Let W, = X + - -+ + X,, be the sum of n iid random variables, each with E[X] = pux and Var[X] = o%.
The central limit theorem approximation to the CDF of W, is

w —npx

/ 2
nox

FWN (w) ~ d

16. De Moivre-Laplace Formula
For a binomial (n,p) random variable K,

Pl <K <kl md F2E05 200 ) g (M 205w
np (1= p) np (1 —p)

17. For the sample mean M, (X),

18. Markov Inequality:
For a random variable X such that P[X < 0] =0 and a constant c,

E[X]

P[X > < =5

c

19. Chebyshev Inequality: For an arbitrary random variable Y and constant ¢ > 0,

Var[Y]
2

PllY —py| > ¢] <

20. An estimate R, of parameter r is unbiased if F [R] = r; otherwise, R is biased.

21. If a sequence of unbiased estimates Rl,RQ,... of parameter r has mean square error e, = Var[Rn]
satisfying lim e, = 0, then the sequence R, is consistent.
n—o0
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22. The sample mean estimator M, (X ) has mean square error

_ Var [X]

n

en = E[(MH(X) - E[X])Q} = Var[ M, (X)]

23. Sample Variance:

n

1

(a) Vo(X) = - Z [X; — Mn(X)}2 (biased estimator),
i=1
(b) VI(X) = - i N Z (X — Mn(X)]2 (unbiased estimator).

=1

24. For any constant ¢ > 0,

Var[X]
nc?
Var[X]

2

:a’

(a) P[|Mn(X) = px| =] <

=1-a.

(b) P[Mo(X) — pix| <] 21—

25. Given the indicator random variable X 4 for an event A, E[X ] = P[A], Var[X4] = P[A](1 — P[A]), and

P[A](1 — P[A]) .

P|P,(4) ~ PlA]| < ] > 1~ ;

nc

26. Let X be a Gaussian (u, o) random variable. A confidence interval estimate of y of the form
My(X)—c<pu< My(X)+c
has confidence coefficient 1 — o where

a/2=Q (cv/n/o) =1—@ (cv/n/o).

27. If an experiment produces a random vector X, the MAP hypothesis test is

P x PlH
Discrete: x € Ay if XlHO( ) > Lid) ;. x € A; otherwise.
PX|H1 (X) P[HO]
X PlH
Continuous: x € Ag if fX‘HO( ) > L] ; X € A; otherwise.
fX‘H1(X) P[HO]

28. If an experiment produces a random vector X, the ML hypothesis test is

X

Discrete: x € Ay if X‘HO( ) >1; x € Aj otherwise.
PX\Hl (%)
X

Continuous: x € Ag if fX|HO( ) >1; x € A; otherwise.
fX|H1 (x)
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a) The mean square error (MSE) is defined as E[(X — X)Q]
b) The MMSE blind estimate of random variable X is &p = E[X].

29. (a)
(b)

(c) Given that X € A, the MMSE estimate of X is &4 = E[X|A].
)

(d) The MMSE estimate of random variable X given the observation Y =y is

in = E[X|Y =y

30. The optimal linear mean square error estimator of X given Y is

N Cov[X,Y] ox
X(Y)=a*Y +b* wh « DOV, Y] X e — gt
L(Y)=a"Y + where a Var[Y] PX,Y p— px — a” fy

and e} = E[(X - XL(Y))Q} = o%[1— (px.v)2].

31. The MAP estimate of X given Y =y is

Emap(y) = argmax fy|x (y|z) fx (2) = argmax fx,y(z,y).

32. The ML estimate of X given Y =y is

IuL(y) = argmax fy|x (y|z).



