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DISCRETE RANDOM VARIABLES

Bernoulli (p) For 0 < p < 1:

PX(x) =


1− p x = 0

p x = 1

0 otherwise

E[X] = p

Var[X] = p(1− p)

Binomial (n, p) For a positive integer n and 0 < p < 1:

PX(x) =


(
n

x

)
px(1− p)n−x x = 0, 1, 2, . . . , n

0 otherwise

E[X] = np

Var[X] = np(1− p)

Discrete Uniform (k, l) For integers k and l such that k < l :

PX(x) =


1

l − k + 1
x = k, k + 1, . . . , l

0 otherwise
E[X] =

k + l

2

Var[X] =
(l − k)(l − k + 2)

12

Geometric (p) For 0 < p < 1:

PX(x) =

{
p(1− p)x−1 x = 1, 2, 3, . . .

0 otherwise
E[X] =

1

p

FX(x) =

{
1− (1− p)x x = 1, 2, 3, . . .

0 otherwise
Var[X] =

1− p
p2

Pascal (k, p) For positive integer k and 0 < p < 1:

PX(x) =


(
x− 1

k − 1

)
pk(1− p)x−k x = k, k + 1, k + 2, . . .

0 otherwise
E[X] =

k

p

Var[X] =
k(1− p)

p2

Poisson (α) For α > 0:

PX(x) =


αxe−α

x!
x = 0, 1, 2, . . .

0 otherwise

E[X] = α

Var[X] = α
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CONTINUOUS RANDOM VARIABLES

Erlang (n, λ) For λ > 0 and a positive integer n :

fX(x) =


λnxn−1e−λx

(n− 1)!
x ≥ 0

0 x < 0

E[X] =
n

λ

FX(x) =

1− e−λx
n−1∑
k=0

(λx)k

k!
x ≥ 0

0 x < 0

Var[X] =
n

λ2

Exponential (λ) For λ > 0:

fX(x) =

{
λe−λx x ≥ 0

0 x < 0
E[X] =

1

λ

FX(x) =

{
1− e−λx x ≥ 0

0 x < 0
Var[X] =

1

λ2

Gaussian (µ, σ) For σ > 0 and −∞ < µ <∞ :

fX(x) =
e−(x−µ)

2/2σ2

σ
√

2π
E[X] = µ

Var[X] = σ2

Rayleigh (a) For a > 0:

fX(x) =

{
a2x e−a

2x2/2 x ≥ 0

0 x < 0
E[X] =

√
π

2a2

FX(x) =

{
1− e−a2x2/2 x ≥ 0

0 x < 0
Var[X] =

4− π
2a2

Uniform (a, b) For constants a < b :

fX(x) =


1

b− a
a < x < b

0 otherwise
E[X] =

a+ b

2

FX(x) =


0 x < a
x− a
b− a

a ≤ x ≤ b

1 x > b

Var[X] =
(b− a)2

12
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Standard Normal CDF Φ(z)
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Complementary CDF Q(z)
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1. Two Variable Joint CDF, PMF and PDF

(a) FX,Y (x, y) = P [X ≤ x, Y ≤ y] =

∫ x

−∞

∫ y

−∞
fX,Y (u, v) dv du

(b) PX,Y (x, y) = P [X = x, Y = y]

(c) fX,Y (x, y) =
∂2FX,Y (x, y)

∂x∂y

2. Marginal PMFs and PDFs

(a) Discrete: PX(x) =
∑
y∈SY

PX,Y (x, y) and PY (y) =
∑
x∈SX

PX,Y (x, y)

(b) Continuous: fX(x) =

∫ ∞
−∞

fX,Y (x, y) dy and fY (y) =

∫ ∞
−∞

fX,Y (x, y) dx

3. Covariance and Correlation Coefficient

(a) E[X + Y ] = E[X] + E[Y ]

(b) Cov[X,Y ] = E
[
(X − µX)(Y − µY )

]
= E[XY ]− E[X]E[Y ] = µXY − µXµY

(c) Var[X + Y ] = Var[X] + Var[Y ] + 2 Cov[X,Y ]

(d) ρX,Y =
Cov[X,Y ]√

Var[X]Var[Y ]
=

Cov[X,Y ]

σXσY

(e) X and Y are said to be uncorrelated if Cov[X,Y ] = 0.

4. Functions of Two Random Variables W = g(X,Y )

(a) Discrete: PW (w) =
∑∑
g(x, y)=w

PX,Y (x, y)

(b) Continuous: FW (w) = P [W ≤ w] =

∫∫
g(x, y)≤w

fX,Y (x, y) dx dy

5. Expected Value of W = g(X,Y )

(a) Discrete: E [W ] =
∑∑

(x,y)∈SX,Y

g(x, y)PX,Y (x, y)

(b) Continuous: E [W ] =

∫ ∞
−∞

∫ ∞
−∞

g(x, y) fX,Y (x, y) dx dy

6. PDF of the Sum of Two Continuous Random Variables

(a) The PDF of W = X + Y is

fW (w) =

∫ ∞
−∞

fX,Y (x,w − x) dx =

∫ ∞
−∞

fX,Y (w − y, y) dy.

(b) When X and Y are independent, the PDF of W = X + Y is

fW (w) =

∫ ∞
−∞

fX(w − y) fY (y) dy =

∫ ∞
−∞

fX(x) fY (w − x) dx.
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7. Conditioning a Random Variable Given an Event B ⊂ SX with P [B] > 0

(a) Discrete: PX|B(x) =


PX(x)

P [B]
x ∈ B

0 otherwise

(b) Continuous: fX|B(x) =


fX(x)

P [B]
x ∈ B

0 otherwise

8. Conditional Expected Value of a Function of a Random Variable Given an Event B

(a) Discrete: E
[
g(X)|B

]
=
∑
x∈B

g(x)PX|B(x)

(b) Continuous: E
[
g(X)|B

]
=

∫ ∞
−∞

g(x) fX|B(x) dx

9. Conditional Variance of a Random Variable Given an Event B

Var[X|B] = E[X2|B]−
(
E[X|B]

)2
10. Conditional Joint PMF and PDF Given an Event B ⊂ SX,Y with P [B] > 0

(a) PX,Y |B(x, y) =


PX,Y (x, y)

P [B]
(x, y) ∈ B

0 otherwise

(b) fX,Y |B(x, y) =


fX,Y (x, y)

P [B]
(x, y) ∈ B

0 otherwise

11. Conditional Expected Value of W = g(X,Y ) Given an Event B

(a) Discrete: E[W |B] =
∑
x∈SX

∑
y∈SY

g(x, y)PX,Y |B(x, y)

(b) Continuous: E[W |B] =

∫ ∞
−∞

∫ ∞
−∞

g(x, y) fX,Y |B(x, y) dx dy

12. Conditioning by a Random Variable

(a) Conditional PMF: PX|Y (x|y) = P [X = x|Y = y] =
PX,Y (x, y)

PY (y)

Note: PX,Y (x, y) = PX|Y (x|y)PY (y) = PY |X(y|x)PX(x).

(b) Conditional PDF: fX|Y (x|y) =
fX,Y (x, y)

fY (y)

Note: fX,Y (x, y) = fX|Y (x|y) fY (y) = fY |X(y|x) fX(x).
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13. Conditional Expected Value of a Function g(X,Y ) Given Y = y

(a) Discrete: E[g(X,Y )|Y = y] =
∑
x∈SX

g(x, y)PX|Y (x|y)

(b) Continuous: E [g(X,Y )|Y = y] =

∫ ∞
−∞

g(x, y) fX|Y (x|y) dx

14. N Independent Random Variables

(a) Discrete: PX1, ... , Xn(x1, . . . , xn) = PX1(x1)PX2(x2) · · · PXN
(xn)

(b) Continuous: fX1, ... , Xn(x1, . . . , xn) = fX1(x1) fX2(x2) · · · fXN
(xn)

15. Central Limit Theorem (Approximation)
Let Wn = X1 + · · ·+Xn be the sum of n iid random variables, each with E[X] = µX and Var[X] = σ2X .
The central limit theorem approximation to the CDF of Wn is

FWN
(w) ≈ Φ

w − nµX√
nσ2X

 .

16. De Moivre-Laplace Formula
For a binomial (n, p) random variable K,

P [k1 ≤ K ≤ k2] ≈ Φ

(
k2 + 0.5− np√
np (1− p)

)
− Φ

(
k1 − 0.5− np√
np (1− p)

)
.

17. For the sample mean Mn(X),

E
[
Mn(X)

]
= E[X] and Var

[
Mn(X)

]
=

Var[X]

n
.

18. Markov Inequality:
For a random variable X such that P [X < 0] = 0 and a constant c,

P [X ≥ c2] ≤ E[X]

c2
.

19. Chebyshev Inequality: For an arbitrary random variable Y and constant c > 0,

P
[
|Y − µY | ≥ c

]
≤ Var[Y ]

c2
.

20. An estimate R̂, of parameter r is unbiased if E[R̂] = r; otherwise, R̂ is biased.

21. If a sequence of unbiased estimates R̂1, R̂2, . . . of parameter r has mean square error en = Var[R̂n]
satisfying lim

n→∞
en = 0, then the sequence R̂n is consistent.
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22. The sample mean estimator Mn(X) has mean square error

en = E
[(
Mn(X)− E[X]

)2]
= Var

[
Mn(X)

]
=

Var[X]

n
.

23. Sample Variance:

(a) Vn(X) =
1

n

n∑
i=1

[
Xi −Mn(X)

]2
(biased estimator),

(b) V ′n(X) =
1

n− 1

n∑
i=1

[
Xi −Mn(X)

]2
(unbiased estimator).

24. For any constant c > 0,

(a) P
[
|Mn(X)− µX | ≥ c

]
≤ Var[X]

nc2
= α,

(b) P
[
|Mn(X)− µX | < c

]
≥ 1− Var[X]

nc2
= 1− α.

25. Given the indicator random variable XA for an event A, E[XA] = P [A], Var[XA] = P [A]
(
1−P [A]

)
, and

P
[
|P̂n(A)− P [A]| < c

]
≥ 1−

P [A]
(
1− P [A]

)
nc2

.

26. Let X be a Gaussian (µ, σ) random variable. A confidence interval estimate of µ of the form

Mn(X)− c ≤ µ ≤Mn(X) + c

has confidence coefficient 1− α where

α/2 = Q
(
c
√
n/σ

)
= 1− Φ

(
c
√
n/σ

)
.

27. If an experiment produces a random vector X, the MAP hypothesis test is

Discrete: x ∈ A0 if
PX|H0

(x)

PX|H1
(x)
≥ P [H1]

P [H0]
; x ∈ A1 otherwise.

Continuous: x ∈ A0 if
fX|H0

(x)

fX|H1
(x)
≥ P [H1]

P [H0]
; x ∈ A1 otherwise.

28. If an experiment produces a random vector X, the ML hypothesis test is

Discrete: x ∈ A0 if
PX|H0

(x)

PX|H1
(x)
≥ 1 ; x ∈ A1 otherwise.

Continuous: x ∈ A0 if
fX|H0

(x)

fX|H1
(x)
≥ 1 ; x ∈ A1 otherwise.
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29. (a) The mean square error (MSE) is defined as E
[
(X − X̂)2

]
.

(b) The MMSE blind estimate of random variable X is x̂B = E[X].

(c) Given that X ∈ A, the MMSE estimate of X is x̂A = E[X|A].

(d) The MMSE estimate of random variable X given the observation Y = y is

x̂M = E[X|Y = y].

30. The optimal linear mean square error estimator of X given Y is

X̂L(Y ) = a∗Y + b∗ where a∗ =
Cov[X,Y ]

Var[Y ]
= ρX,Y

σX
σY

, b∗ = µX − a∗µY

and e∗L = E
[(
X − X̂L(Y )

)2]
= σ2X

[
1− (ρX,Y )2

]
.

31. The MAP estimate of X given Y = y is

x̂MAP(y) = arg max
x

fY |X(y|x) fX(x) = arg max
x

fX,Y (x, y).

32. The ML estimate of X given Y = y is

x̂ML(y) = arg max
x

fY |X(y|x).


