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Problem 5.1.1 Solution

(a) The probability P[X < 2,Y < 3] can be found be evaluating the joint CDF
Fxy(z,y) at « =2 and y = 3. This yields

P X<2Y <3 =Fxy(23)=>01-e?)1-e? (1)

(b) To find the marginal CDF of X, Fx(x), we simply evaluate the joint CDF at
Yy = 00.

1—e™ x>0,

0 otherwise.

Fx(x) = FX7y(x,OO) = { (2)

(c) Likewise for the marginal CDF of Y, we evaluate the joint CDF at X = occ.
1—e™ Yy Z 07

0 otherwise.

Fy(y) = Fxy(co,y) = { (3)

Problem 5.2.2 Solution
On the X, Y plane, the joint PMF is

Y

PX,Y($7 y)




(a) To find ¢, we sum the PMF over all possible values of X and Y. We choose
¢ so the sum equals one.

ZZPXy(x,y): Z Z clr+y|=6c+2c+6c=14c. (1)
x oy

z=—2,0,2y=—1,0,1

Thus ¢ = 1/14.

P[Y < X] = nyy(o,—l) +PX7y(2,—1) +PX7y(2,0) +PX7y(2, 1)
=c+c+2c+3c=Tc=1/2. (2)

P [Y > X] = PX,y(—Q, —1) + PX7y(—2,0) + PX7y(—2, 1) + PX,y(O, 1)
=3c+2c+ct+c=Tc=1/2. (3)

(d) From the sketch of Px y(x,y) given above, P[X =Y] =0.
(e)
P [X < 1] = PX7y(—2, —1) + PX7y(—2, 0) + PX7y(—2, 1)

+ Pxy(0,—1) + Pxy(0,1)
— 8¢ = 8/14. (4)

Problem 5.2.3 Solution

Let r (reject) and a (accept) denote the result of each test. There are four possible
outcomes: rr,ra,ar,aa. The sample tree is

p T err p
P 7‘ <
1 a era p(l—p)
P r ear p(l—p)
I=p™> g <
1 a (1-p)?

eaa



Now we construct a table that maps the sample outcomes to values of X and Y.

outcome ‘ P[] ‘ X ‘ Y
T p? 111
ra  |p(l—p)| 1|0 (1)
ar p(l—p)| 0|1
aa 1-p2|0]0

This table is esentially the joint PMF Py y(z, ).

P z=1y=1,
p(l—p) z=0,y=1,
Pxy(z,y) =qp(1—p) x=1,y=0, (2)
(1-p)? z=0,y=0,
0 otherwise.

Problem 5.2.4 Solution

The sample space is the set S = {hh, ht,th,tt} and each sample point has proba-
bility 1/4. Each sample outcome specifies the values of X and Y as given in the
following table

outcome ‘ XY
hh 0 1
ht 1 0 (1)
th 1 1
tt 2 0

The joint PMF can represented by the table

Pxy(z,y) |y=0 y=1
=0 0 1/4
r=1 | 14 1/4 2)
z=2 | 1/4 0




Problem 5.3.2 Solution
On the X, Y plane, the joint PMF is

PX,Y(may)

The PMF sums to one when ¢ = 1/14.

(a) The marginal PMFs of X and Y are

6/14 x=-2,2,
Px(z)= > Pxy(z,y)=142/14 z=0,
y=-10,1 0 otherwise,

5/14 y=—1,1,
Py(y)= Y  Pxy(zy ={4/14 y=0,

r=—2,0,2 0 otherwise.

(b) The expected values of X and Y are
E[X]= Y  «Px(z)=-2(6/14) +2(6/14) =0,
2=—2,0,2

E[Y]= )  yPy(y)=-1(5/14)+1(5/14) = 0.
y=—1,0,1



(c) Since X and Y both have zero mean, the variances are

Var[X] =B [X?] = > 2’Px(x)

r=-—2,0,2
= (=2)%(6/14) + 2%(6/14) = 24/7, (5)
VarlY] =E[Y?] = Y 4’Pv(y)
y=—1,0,1
= (=1)%(5/14) +1%(5/14) = 5/7. (6)

The standard deviations are ox = 1/24/7 and oy = /5/7.

Problem 5.3.3 Solution

We recognize that the given joint PMF is written as the product of two marginal
PMFs Py(n) and Pg(k) where

100 n ,—100
{1006 n=0,1,...,

Py(n) = P n, k) = B
w () kzzo Nk (1 k) 0 otherwise,

) 100\, & 100—k
1—p) k=0,1,...,100
P k — P Tl, k — ( k )p ( ] ) 9 2
i (k) nZ:;) v (1, ) {0 otherwise. @)
Problem 5.3.4 Solution
For integers 0 < x < 5, the marginal PMF of X is
a z+1
Px(z) = ZPX,Y(%Z/) = 2(1/21) =51 (1)
Y y=0
Similarly, for integers 0 < y < 5, the marginal PMF of Y is
5 6y
Py(y) = EI:PX,Y(J«",Z/) = ;}(1/21) =37 (2)



The complete expressions for the marginal PMF's are

Py () (x+1)/21 z==0,...,5,
xTr) =
X 0 otherwise,
(6_y)/21 y203"'75>
P -
v () { 0 otherwise.




