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Complex algebra

Videos, Organic Chemistry Tutor

Complex numbers basics

The complex numbers C are sums of real and imaginary numbers. Every complex number can be
written uniquely in ‘Cartesian’ form:

z=a+ bi, a,beR
To add, subtract, scale, and multiply complex numbers, treat 4’ like a constant.
Simplify the result using i2 = —1.
For example:
(1+30)(2—-2) >>» 2—2i+6i— 6i°

> 244-6(-1) >> 8+4

Every complex number has a complex conjugate:

z=a+b > > Z=a—b
For example:
2451 = 2-5
2—-5i = 2455

In general, z = 2.

Conjugates are useful mainly because they eliminate imaginary parts:
(2+50)(2—5i) »>» 4425 »» 29

In general:

(a+bi)(a—bi) >>» a®—abi+bia—b%2 >>» a’+b€R

To divide complex numbers, use the conjugate to eliminate the imaginary part in the
denominator.

For example, reciprocals:
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1
_— >>
a+ bi

More general fractions:

bi bi
LZ. > > Lz- .
c+ di c+di
bd + (bc — ad)i
>y oetbdtlbeadi
c? + d?
Multiplication preserves conjugation
For any z, w € C:
W = ZW

Therefore, one can take products or conjugates in either order.

02 Illustration

‘= Example - Complex multiplication

Compute the products:

(@) 1—4)(4—7i) (b) (2+56)(2— 5i)
Solution

(@) (1—4)(4—Ti)

Expand:
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a—bi

atbi a—bi

sy 27 oy (=2 )4
a? + b2 a? +b?

c—di
c—di

ac+ bd
c? + d?

2+ )

bc — ad .
cz—i-dZZ

(1—3)(4—Ti) >> 4-Ti—4i+7i®

Simplify 42:

> 4—Ti—4i+17(-1)

>>» -3-1Li

(b) (2 + 5¢)(2 — 51)

Expand:

(2+5i)(2—5) >>» 4-—10i+ 10 — 25i°

Simplify i2:

> 4—10i + 10i — 25(—1)

‘= Example - Complex division

Compute the following divisions of complex numbers:

>>» 29
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1 1 1 24 5%
() 31 b ©= @5
Solution
1
® =
Conjugate is —3 — i:
1 > 1 —3—1
3+ —3+i —3-1i
Simplify:
>» 2t oy 371
9+1 10 10"
1
() —
i
Conjugate is —i:
1 —1 .
- D> —-— D> —1
i i —i
1
(© T
Factor out the 1/7:
- >> l l
Ti 7 1
Use + = —i:
>» 4 (=) »>>» -1
7 7
2+ 51
d
@ 2 — 51
Denominator conjugate is 2 + 5i:
2 + 51 2457 24535
2— 51 2—5 245¢
Simplify:
> 4+ 20i + 2532 > —21 n 20 .
4+25 29 29"

Complex exponential

Videos, Khan Academy

Complex exponential form
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Multiplication of complex numbers is much easier to understand when the numbers are written
using polar form.

There is a shorthand ‘cis’ notation:

a+bi >> rcosf+rsinfi
»>>» r(cos6+isin6)
>> rcisf
The cis notation stands for cos + isin 6.

For example:

V22 »>» 2(%7%0

s

>>  2cos (74) 4 2sin (f%)i

> 2d ( 3)
C1S 4

Euler Formula

General Euler Formula:
re® = rcosf+irsind
On the unit circle:

e? = cosf+ising

The form rei? expresses the same data as the cis form.

The principal advantage of the form re® is that it reveals the rule for multiplication:

Complex multiplication - Exponential form

el et (pypy) €i(01+62)
In words:

Multiply radii

Add angles
Notice:

multiply by eiT — rotate by + 90°
Notice:
et = 4i

Therefore i ‘acts upon’ other numbers by rotating them 90° counterclockwise!

De Moivre’s Theorem - Complex powers
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In exponential notation:

In cis notation:
(rcisf)" = r"cis (nf)
Expanded cis notation:

(rcos@+irsing)” = r"cos(nf) + ir"sin(nf)

So the power of n acts like this:

Stretch: r to r"

Rotate by n increments of 6

Recall the power series for e:

z 1 Lo, 1 1
e =1+ﬁw+§w +§a: +... =2Ew
=
Plug in z = i6:
if 5 1L 2, 1 .3
e’ >> 1+(z€)+§(10) +§(19) +-4
Simplify terms:
ol 1. 1, 1. 1, 1. 1.4
> > 1+20—§0 —519 +IH +§7,0 —ae —ﬁw +§6 qF ooo
Separate by i-factor. Select out the terms with 4:
— 1, 1.0 1, 1. 1. 1. 14
> > 1+u97§0 7510 +ZO +510 750 fﬁw +§9 qpooo

Separate into a series without 7 and a series with i:

1 1

4! 5!

1 2 4 1 3 5
> (1—50 +—0—--~>+<9—§9 + =6 .

Identify cos  and sin 6i. Write trig series:
1 5 1 4
c0s0:1——2!0 +—4!0 —

o 15 15
51n0—0759 +§07-~

Therefore e = cos 6 + isin .
:= Example - Complex product, quotient, power using Euler

Start with two complex numbers:
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Product zw:

aw > (2e'7) - (5e')

»»  (2:5)(¢F) (¢F) »>>» 10T > 106'F
Quotient z/w:

dw »>>  (2F) [ (5e'F)

> >

2¢'%
e

2 . i 2 .«
— D> —e'Te 't D> —e'v
5 13 5 5

Power 28:

£ »>» (2%)°

>»  28(e)° »>» 512¢t
Notice:
e > () »>>» 12 »» 1

Simplify:

512" »>>» 512
Thus: 28 = 512.

‘= Example - Complex power from Cartesian

Compute (3 + 3i)%.
Solution

First convert to exponential form:

— /1 1
3+3 >>» 3\/2<—+—i>
V2 V2

> 3v2eit

Compute the power:
2\ 4
B+30) »>> (3\/§e’T)

>>»  324e™ »>>» —324

Complex roots
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Videos, Trefor Bazett

Finding cube roots: Find cube roots of —1

Videos, Brain Gainz

Finding nth roots: Fourth roots of v/3 — i and cube roots of —8

The exponential notation leads to a formula for a complex n'* root of any complex number:

)
Vreit = IJre'm
i. Every complex number actually has n distinct complex nt* roots!

That’s two square roots, three cube roots, four 4t roots, etc.

The complex roots of z = re'?

are given by:
- (L 2m
wy = Q/T.el(nJrk:) foreach k=0,1,2,...,n—1

In Cartesian notation:

0 2 0 2
wy, = {Yr cos (—Jrk—ﬂ-) + {/r sin (—+k—7r)i
n n n n

In words:

Start with the basic root: {/7 - e'n

Rotate by increments of 2= to get all other roots

We must verify that w} = rei:

<\n/; (3 +k27ﬂ)>n > 2.l HkE)n

»>» r.dfOF2MR) 5y e s it

= Example - Finding all 4" roots of 16

Compute all the 4™ roots of 16.
Solution
Write 16 = 16¢%.

Evaluate roots formula:

N

(16e%)T > wy =167 (i)

Simplify:
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> 27 »>>» 2, 2i, -2, —2

‘= Example - Finding 2"¢ roots of 2i

Find both 24 roots of 2s.
Solution

Write 2i = 2¢'%.
Evaluate roots formula:

(2ei%)% > wk:ﬁei<gﬁ+k%ﬂ)

>» V2l (T +kn)
Compute the options: k = 0, 1:
. T - 5
>>» V2e't, Vet

Convert to rectangular:

> > ﬁ<%+%z) \/5<fif%i>

>> 1+4,1—14

:= Example - Some roots of unity

Find the 1% and 2" and 3™ and 4" and 5" and 6 roots of the number 1.

Solution

lst
Write 1 = e%. Evaluate roots formula. There is no possible k:

(eOi)% >» ¥ »>>» 1

2nd
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Write 1 = %, Evaluate roots formula in terms of k:
)7 >» w=e@HF)  poo1
Compute the two options, k =0, 1:

>» 1, e" »>>» 1, -1

3rd
Evaluate roots formula in terms of k:
(eOi)% »»  wy =)

Compute the options: k=0, 1, 2:

.o . 4m 1
> 1, €T, T > 1, —o 4+ 2y, =

4th
Evaluate roots formula:

()T > w, = el
Compute the options: k=0, 1, 2, 3:

1, e, &7 T »>» 1,4, -1, —i

5th

Evaluate roots formula:
(eOi) 5O wp= ei(%+k27”)

Compute the options: k=0, 1, 2, 3, 4:

Don’t simplify, it’s not feasible.

Gth

Evaluate roots formula:
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