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W11 Notes

Power series as functions

Videos, Math Dr. Bob

Power series functions: Derivative/Antiderivative - Basics

Power series functions: Derivative/Antiderivative - Interval of Convergence

Power series functions: Derivative/Antiderivative - More examples

Power series functions: Geometric Power Series

Given a numerical value for z within the interval of convergence of a power series, the series sum

may be considered as the output f(z) of a function f.
Many techniques from algebra and calculus can be applied to such power series functions.

Addition and Subtraction:

f = ao+aiz+axx® +azz® +---
g = by + b1z + bz’ + by’ + - -

f+g = (ag+bg)+ (a1 + b))z + (as +by) a4 - -+

Summation notation:

00 00 00
Z a,z" + Z b,z = Z(an +b,)z"
n=0 n=0 n=0

Scaling:
ef = cag+ (car) z + (caz)z® + - -
Summation notation:

o0 o0
czanm” = Z(can) z"
n=0

n=0

Multiplication:

f~g:(ao+a1m+a2:c2+-~-)~(bo+b1m+b2x2+-~-)

= agby + (aghy + a1bo) T + (agbs + a1by + agby) z 4 - --

For example, suppose that the geometric power series f(z) = 1+ z + 2% + 3 + - - - converges,
so |z| < 1. Then we have for its square:

f-f=1fz?=QQ+z+z’+--)-QL+z+z?+--)
1+Q+Dz+ @ +14+ 1)z +---

=142 +3z2+423+ ...

o0

= Z(n + 1)z"

n=0

Composition:
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fz) =1-z4+2* -3tz — ...

f2e®) = 14223+ (22%)2 + ...
= 1+2¢%+42°+82°+ ...
Assume:
f= ag + a1z + a2z’ + azz® + - = Zanx"
n=0
Then:
Differentiation:
4 a1+ (2a2) z + (3az)2® +--- = ina "
dx n=1 "
Antidifferentiation:
/f(x)da: = Ctaw+ La2+ 223 4... = C’—O—i In_ o1
T2 3 n+t1

For example, for the geometric series we have:

f=1l+z+a®+z*+2'+ ...

d
d—f: 1422+ 3z + 423 + 52 + - -
L

1 1 1
/fda:: C+x+5x2+§x3+zz4+~--

Do the series created with sums, products, derivatives etc., all converge? On what interval?

For the algebraic operations, the resulting power series will converge wherever both of the

original series converge.

For calculus operations, the radius is preserved, but the endpoints are not necessarily:

Power series calculus - Radius preserved

If the power series f(z) has radius of convergence R, then the power series f'(z) and [ fdz
also have the same radius of convergence R.

A\ Power series calculus - Endpoints not preserved

It is possible that a power series f(z) converges at and endpoint a of its interval of

convergence, yet f' and [ fdz do not converge at a.

Suppose f(z) has radius of convergence R = L~ :

a
il ‘le| — L-|z|] as n— oo

n
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Consider now the derivative f’ and its ratios of successive terms:

(n+1)an+1w"‘7 <n+1>_

napz™ ! n

n—00

It gl 5 1-Lefe|=L-|al

an

Consider instead the antiderivative [ f dz and its ratios of successive terms:

1 n+1

— )anT n—00
(nﬁl) :< n > In |z =3 1-L-|z|=L-|z|
(&) an-z® ntl/ e

In both these cases the ratio test provides that the series converges when |z| < L.

:= Example - Geometric series: algebra meets calculus

Consider the geometric series as a power series functions:

1

= l+zt+a?+azd+-..
11—z

Take the derivative of both sides of the function:

d 1 > > 1 > > 1 ’
dz \1—=z (1—2z)2 1—=z

This means f satisfies the identity:

Now compute the derivative of the series:

d

i
l+z+z?+2°+.- > 1+22+32° +42° +---
On the other hand, compute the square of the series:
2 3 2 2 3
(I+z+a2’+2°+---)" >» 1+22+32°+42°+ -

So we find that the same relationship holds, namely f' = f2, for the closed formula and the
series formula for this function.

:= Example - Manipulating geometric series: algebra

Find power series that represent the following functions:

1 1 z3 3x
d
(a)1+$ (b)1+w2 (C)a:+2 ()27533
Solution
1
(@) 1+z

= Rewrite in format ﬁ

Introduce double negative:

1tz 1-(-a)
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Choose u = —z.
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= Plug u = —z into geometric series.

Geometric series in u:

Plug in v = —x:

Simplify:

Final answer:

1+utu?+ud+--

1

——=l-z+a?—a3+- -
1+z

1
() T2
= Rewrite in format ﬁ
Rewrite:
1 1
1422 1-—(—z?)
Choose u = —z2.
= Plug u = —z? into geometric series.
Geometric series in u:
1+u+u?+ud+4---
Plug in u = —z2:

>» 1+ (%) + (=222 + (—z?)* + -
>» 1-a’+zt—254...
Final answer:
1
=1-z?+zt—2f+...
1+z
3
X
c
© z+2
= Rewrite in format Az® - 1.
Rewrite:
z? 3 1 3
> > T’ — > > T
z+2 24+
3 1 3 1
> > 3% Tz > > —z° . -
+37 1-(-%
Choose u = =% Here Az® = %ze’.
= Plug u = —z? into geometric series.
Geometric series in u:
I+u+u?+ud+---
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Pluginu=-%:
»» 14 () + (3 (-5
»» 1-setig Lpsy
273" T8
Obtain:
! =1—-Zz+-22— —2+
-y 2 1B
= Multiply by 3z°.
Distribute:
13 L 3 4,15 6
Ew 1_(_%) > > 53: Za: gm Ex +

Final answer:

_ltg 1 15~ 6
s+2 2% T3ttt T
3x
d) ——
(@) 2 —bzx
= Rewrite in format Az - ﬁ
Rewrite:
3z >» S0
2-5 R -
> > 3 ! > > 3 1
o Cao
2(1- %) 21— %
Choose u = 579” Here Az = %m
= Plug u = 2 into geometric series.
Geometric series in u:
l+utu?+u®+---
Plug in u = 57””:
»» 1+ (F)HEF)HF) 4
S 1+5 +25 2+125 5
28T T
Obtain:
1 5 25 125
—=1+ce+—a? + —a®+...
1- 3% 2 4
= Multiply by $z.
Distribute:
1 3 15 , 75 4 375,
_m'1,5TI > > Ew—i-T:c +?w +F$ + -

Final answer:

3z 3 15 , 7 5 375
= 5T+ —/—x"+ —2° + —

4 o e
25z 2° "% 8 6" "
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:= Example - Manipulating geometric series: calculus

Find a power series that represents In(1 + z).
Solution
= Differentiate to obtain similarity to geometric sum formula.
Differentiate In(1 + z):
d 1
—In(1 =
= n(l+ z) T s > >

= Find power series of differentiated function.

Power series by modifying -1 with u = —a:

_
1-(—=x)

=1-—zc4az?—ad+2t—...

=+ Integrate series to find original function.

Integrate both sides:
/édm:/l—m-i-xz—xg-&—m‘l—-ndx
1-(—z)

1 1 1
ln(1+:c)=D+mem2+§m371x4+---

Use known point to solve for D:

In(1+0)=D+0+0+--- »>» 0=D
Final answer:
1 1 1
In(1 —p— gt gt
n(l+z)==x 2x+3$ 4a:+

:= Example - Recognizing and manipulating geometric series: Part I

> 1
Evaluat -1t
(a) Evaluate ;( ) -

(Hint: consider the series of In(1 — z).)

(b) Find a series approximation for In(2/3).

Solution

(a) Evaluate Z(—l)"ill. (Hint: consider the series of In(1 — z).)
n
n=1

t£= Find the series representation of In(1 — z) following the hint.
Notice that -LIn(1 —z) = =%

=dp

We know the series of %:
1__—w:—(1+z+x2+--~):—1—m—m2—---

Notice that [ L dz = In(1 — z) + C; this is the desired function when C = 0.
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Integrate the series term-by-term:

-1
/ dw:/717$7$27"'d$
1—=x

> > ln(lfz):ngcf% ......

Solve for D using In(1 —0) =0,s00 =D —0—0— - -- and thus D = 0. So:

Notice the similar formula.
The series formula Y >° ;| —Z7 looks similar to the formula >3, (—=1)* 'L,
= Choose z = —1 to recreate the desired series.
We obtain equality by setting z = —1 because —(—1)» = (—1)"*! = (-1)»~L

= Final answer is In(1 — —1) =1n2.
(b) Find a series approximation for In(2/3).

= Observe that In(2/3) = In(1 — 1/3).

Therefore we can use the seriesIn(1 —2) = -z — 5 — 5 —---
= Plug z = 1/3 into the series for In(1 — z).

Plug in and simplify:

:= Example - Recognizing and manipulating geometric series: Part I1

(a) Find a series representing tan*(z) using differentiation.

. . . d
(b) Find a series representing / _:c.
1+ 24

Solution
(a) Find a series representing tan1(z).

Notice that -Ltan™!(z) = 5.

=+ Obtain the series for 157

Let u = —z%

1
T > > m:“““““'

> > 1—z?+2*— b+ 28— ...

1

13,7 by terms.

t= Integrate the series for

Set up the strategy. We know:

1 -1
_/1+m2 dz =tan""(z) + C
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and:

1
=1-22+azt—28+28—...
1+ z?

Integrate term-by-term:

> > /1—x2+m4—x6+a¢8—-~~dm

22 25 27
D 2z 2 .
> > +z 3 + 5 - +
Conclude that:
2 2® 27
tan ! C=D e e A N
an (z) + +z 3 + 3 - +

= Solve for D — C by testing at tan=1(0) = 0.
Plugging in, obtain:

tan~'(0)=D—-C+0+---+0

soD—-C=0.
= Final answeristan'(z) =2 — & + & — & 4 ...,
. . . dx
(b) Find a series representing .
1+t

= Find a series representing the integrand.

1

Integrand is 7.

Rewrite integrand in format of geometric series sum:

1 1
1+t > > m > > 1o’ u=—-x

Write the series:

1 2 3

—=1l+utu +u’+---

1—u
o0

> > 1—$4+$8—$12+$16—"' :Z(_l)nw&n
n=0
= Integrate the integrand series by terms.
Integrate term-by-term:
5 9 13
1-aitad—a24+2 ... d »» C+e- 42 _Z 2
/ -+ T+ X +z 5 + 9 3 +

This is our final answer.

Taylor and Maclaurin series

Videos, Math Dr. Bob
Taclaurin series: _ _1
Maclaurin series: f(z) = oy
Maclaurin series: f(z) = e®
Maclaurin series: f(z) = sinz, cosz, tanx

Taylor series: f(z) =lnzatz =1
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03 Theory

Suppose that we have a power series function:
f(z) = ap+ a1z + asz® + azz® + - --

Consider the successive derivatives of f:

f(z) a + aiz + asz? + asz® + aszt +
fllz) = 0 4+ a; + 2-a2! + 3-a3x? + 4-aqzd +
f'"lz) = 0 + 0 + 2-a35 + 3-2-a3z! + 4-3-a4x® +
f"(z) = 0 + + 0 + 3-2-1-a3 + 4-3-2-a4x' +
fM@ = 0 + 0 + 0 + 0 + -+nlay +

When these functions are evaluated at x = 0, all terms with a positive z-power become zero:

f(o) = ag = ag
f'©0) = ar = a1
") = 2-a3 = 2-a»
") = 3:2-a3 = 3l-a3

f®0) = n-(n-1)---2-1-a, = nl-a,

This last formula is the basis for Taylor and Maclaurin series:

Power series: Derivative-Coefficient Identity
f(")(O) = nl-a,

This identity holds for a power series function f(z) = a¢ + a1z + asz? + asz® + - - - which has a

nonzero radius of convergence.

We can apply the identity in both directions:

Know f(z)? ~» Calculate a, for any n.

Know a,? ~» Calculate £ (0) for any n.

Many functions can be ‘expressed’ or ‘represented’ near z = ¢ (i.e. for small enough |z — ¢|) as
convergent power series. (This is true for almost all the functions encountered in pre-calculus and

calculus.)

Such a power series representation is called a Taylor series.
When ¢ = 0, the Taylor series is also called the Maclaurin series.

One power series representation we have already studied:

1

= l1+z+a®+23+-.-
1—=z

Whenever a function has a power series (Taylor or Maclaurin), the Derivative-Coefficient Identity

may be applied to calculate the coefficients of that series.

Conversely, sometimes a series can be interpreted as an evaluated power series coming from z = ¢
for some c. If the closed form function format can be obtained for this power series, the total sum

of the original series may be discovered by putting z = ¢ in the argument of the function.
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‘= Example - Maclaurin series of ¢”

What is the Maclaurin series of f(z) = e*?

Solution

Because diez = €%, we find that £ (z) = e® for all n.
x

So f®™(0) = €® = 1 for all n. Therefore a, = % for all n by the Derivative-Coefficient identity.

Thus:
2 3 0 n
@ _ 8.8 .8 .= L
e T TR T _n;n!

:= Example - Maclaurin series of cosz

Find the Maclaurin series representation of cos z.

Solution

Use the Derivative-Coefficient Identity to solve for the coefficients:

(n)
n | ) | fM0)]  an
0 cos T 1 1
1 —sinx 0 0
2 —cosz 1| -1/2
3 sin 0 0
4 cosz 1| 1/24
5 —sinz 0 0

By studying the generating pattern of the coefficients, we find for the series:

.’L‘2 (I}4 m2n

x5 = N
cos T = 17§+17H+"':;(71)m

n

‘= Maclaurin series from other Maclaurin series

(a) Find the Maclaurin series of sin z using the Maclaurin series of cos z.

(b) Find the Maclaurin series of f(x) = z2e~5® using the Maclaurin series of e®.
(c) Using (b), find the value of f@(0).

Solution

(a)
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Remember that Lcosz = —sinz

=+ Differentiate cosz =1 — “é—,z 4F ﬁ—? = “é—f Fooo

Differentiate term-by-term:
22zt b 1 3 5

T T

1! 3! 5!
Take negative because sinz = —%cos x:
z> b a7
> > JZ—E-FE—W-F“'
= Final answer is sinz =z — g—f—}—’g—f — .
()
Recall the series e* = 1+'{—;+ 7;—?+’§—?+
= Compute the series for e >®.
Set u = —bz:
12 3
1+ F + ? ar ? ar
(—5z) (—5z)? (—5z)3
>>»> 1+ 1 o1 30
= Compute the product.
Product of series:
2 -5z 2 (=52) (—51”)2 (—59”)3
ze >> z <1+ 1 4 21 4+ 30 S ooc
25 125
>» 2?5t —at - — b4 ...
2 3!
o] 5n$n+2
»» Y ()"
n=0 °
(0)

Derivatives at z = 0 are calculable from series coefficients.
Suppose we know the series f(z) = ag + a1z + asz® + azz® + - - -
Then £ (0) = n! - a,,.
It may be easier to compute a, for a given f(z) than to compute the derivative
functions f™(z) and then evaluate them.
= Compute as;.

Write the series such that it reveals the coefficients:

o n 5n$"+2 o n 5n n+2
nzo(fl) o > > ; ((71) ﬁ>x
n 5"
- Ant2 = (_1) F

(O Coefficient with a2 corresponds to the term with z"*2, not necessarily the
(n +2)™ term (e.g. if the first term is z? as here).
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Compute ay:

20
azzz(—1)205 > 520 !

20! 20!
= Compute f*2(0).
Use Derivative-Coefficient Identity:
F®0) = 22!-ay
!
> > 520-% »>>» 520.22.21

:= Computing a Taylor series

Find the first five terms of the Taylor series of f(z) = vz + 1 centered at ¢ = 3.

Solution
A Taylor series is just a Maclaurin series that isn’t centered at ¢ = 0.

The general format looks like this:

SR

f(z) = ap+ ai(z — ¢) + as(z — ¢)® + az(z — ¢)
The coefficients satisfy a,, = % (Notice the c.)

We find the coefficients by computing the derivatives and evaluating at z = 3:

f) =@+, AU
f@) = 5@+ 1), Fo=1
() = _%(m +07 f18) = _3_12
(=) = %(z +1)7%2, 18 = %
@) = —Jae+ DT 9@ = -5

By dividing by n! we can write out the first terms of the series:

f@) = Va¥i
1 1 , 1 5 5 A
= 2+4(m 3) e ® 3) +512(x 3) 16,384($ 3)* +

A Study these!

Memorize all of these series!
Recognize all of these series!

Recognize all of these summation formulas!

12/16


af://h3-16

W11 Notes

1—s =l+z+z"+ = Zm", R=1, interval: (—1,1)
n=0
2 P o an+l ]
1n(1,m)_,_,7,?,... = an+1, R=1, interval: [-1,1)
n=0
1‘3 m5 00 m2n+1
tanlpeg_ 2 & _ _ _n . R=1, interval: [—1,1
anr =2 - — + E ;( ) Py interval: [ ]
e =14+ =+ + = — R=o0
2 ; n!
:BZ 184 00 mZn
=1 =z .. = [ L e =
cosz GIRRAT ;( ek >
:1:3 :E5 0 x2n+1
3 —r— 4+ ... = —1)" , R=
sing =z — =+ — + ;( ) T o

Applications of Taylor series

Videos, Math Dr. Bob

Approximating with Taylor polynomials: f(z) = 37 at z = 1 to find 1/2.1

Linear approximation is the technique of approximating a specific value of a function, say
f(z1), at a point z; that is close to another point z, where we know the exact value f(zq). We

write Az for z; — z¢, and yo = f(z), and y; = f(z;). Then we write dy = f'(z() - Az and use the
fact that:

Y1~ yo +dy = yo + f'(x0) - Az
‘= Computing a linear approximation

For example, to approximate the value of v/4.01, set f(z) = 1/z, set zo = 4 and yo = 2, and set
z1 = 4.01 so Az = 0.01.

1
2z

Then compute: f'(z) =
So f'(zo) = 1/4.

Finally:

1
R+ f(w) Az »>»  yim 2+ -0.01=2.0025

Now recall the linearization of a function, which is itself another function:
Given a function f(z), the linearization L(z) at the basepoint z = c is:
L(z) = f(c) + f'(c)(z — ¢)
The graph of this linearization L(z) is the tangent line to the curve y = f(z) at the point (¢, f(c)).

The linearization L(z) may be used as a replacement for f(z) for values of z near c. The closer z is
to ¢, the more accurate the approximation L(z) is for f(z).

:= Computing a linearization

We set f(z) = /=, and we let ¢ = 4.
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We compute f(c) =2, and f'(z) = ﬁ so f'(c) = %.

Plug everything in to find L(z):
1
L(z) = f(c) + f'(c)(z — ¢) »>>»  Lx)=2+ Z(a: —4)
Now approximate f(4.01) ~ L(4.01):

1
L(4.01) = 2+ £(4.01 - 4) = 2.0025

The Taylor polynomials T, (z) of a function f(z) are the partial sums of the Taylor series of
f(z):

N (n) c (¢
TN(IE)ZZ LA )(wfc)"zf(c)+f—()(a:fc)+
n=0

n! 1!

f"(c)

1 (w,C)ZJr...

These polynomials are generalizations of linearization.
Specifically, f(c) = Ty(z), and L(z) = T} ().

The Taylor series T, (z) is a better approximation of f(z) than T;(z) for any ¢ < n.

x

¥ y=e'
~
y=T,x
y=T(x
5
y=T,x)
X
-1 1
v v y
To(x) i
— N - N -
I /N -w LEVARN R = 7l TN

X X
o N N on 2 N \../ 27 2 NS L o
f(x) =cos x
Ty

The series T (z) has the same derivatives as f(z) at the point z = ¢. This fact can be verified
by visual inspection of the series: apply the power rule and chain rule, then plug in £ = ¢ and
all factors left with (z — ¢) will become zero.

The difference f(z) — Th(z) vanishes to order n at z = c:

) w, 0 n+1
19T = fe-or+ g4
=i £ |, 7PE)
= (@=9 ( n! + (n+1)! (@=d)droe0 )
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The factor (z — ¢)” drives the whole function to zero with order n as z — c.

If we only considered orders up to n, we might say that f(z) and T}, (z) are the same near c.

:= Taylor polynomial approximations

Let f(z) = sinz and let T,,(z) be the Taylor polynomials expanded around ¢ = 0.

By considering the alternating series error bound, find the first n for which T7,(0.02) must
have error less than 1076,

Solution

= Write the Maclaurin series of sin z because we are expanding around ¢ = 0.
Alternating sign, odd function:

1'3 135 Il? 0 m2n+1

sine = @— grtgr -t = D) gy

n=0

Notice this series is alternating, so AST error bound formula applies.

AST error bound formula is:

|En| S Ani1

Here the seriesis S =ag —a; +az —as+--- and E,, =S — S, is the error.
Notice that z = 0.02 is part of the terms a; in this formula.
=+ Implement error bound to set up equation for n.
Find n such that an+1 < 107, and therefore by the AST error bound formula:

|En| < ans1 <107°

Plug in z = 0.02.

From the series of sinz we obtain for az,.1:

0.022n+1

Qont1 = —=
T 2n 4 1)

We seek the first time it happens that as,41 < 1075,
= Solve for the first time ag,,; < 107°.

Equations to solve:

0'022n+1 6 . 0'022(n—1)+1 10 6
— < - t: —m4/m — — — -
@nt 1) = " e DT

Method: list the values:

0.02! 0.023
= 0.02, =

~1.33x10°°

0.02°

o) —11
s~ 267x 1071,

The first time a1 is below 10~® happens when 2n + 1 = 5.

=+ Interpret result and state the answer.
2n+1
x

When 2n + 1 = 5, the term 1) at z = 0.02 is less than 1076,

Therefore the sum of prior terms is accurate to an error of less than 107,
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The sum of prior terms equals 7,(0.02).
Since Ty(z) = T3(x) because there is no z* term, the same sum is 75(0.02).

The final answer is n = 3.
(® It would be wrong to infer at the beginning that the answer is 5, or to solve

2n+1=>5togetn =2.

:= Taylor polynomials to approximate a definite integral

0.3
Approximate / e* dz using a Taylor polynomial with an error no greater than 10.
0

Solution

= Write the series of the integrand.

Plug u = —z2 into the series of e:
2
w_q % ¥
e'=1+ 1 aF 2 +
e 1,1, 1

=+ Compute definite integral by terms.

Antiderivative by terms:

/l—lm2+im4—iw6+~--dm

1 s, 1 s 15
> > = +am—ﬁm + e

Plug in bounds for definite integral:

0.3 1 1 1 0.3
—a? 3 5 7
/0 e " dx > > x—gx +5$_ﬁ$ + .- .
e 0.3° 0.3° 0.37
> e + T G
= Notice AST, apply error formula.
Compute some terms:
0.3 0.3 e 0.3" "

So we can guarantee an error less than 4.34 x 107 by summing the first terms

through 05—3,5
0.3° 0.3°

= Final answer is 0.3 — = + 5D ~ 0.291243.
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