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10.1 Curves Defined by Parametric Equations
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Parametric Equations

x = f(t)

y =g(t)

Set of parametric equations for a plane curve.
x and y are defined in terms of a common parameter, t.

Plane curve spans all points with coordinates (f(t), g(t)) for all
values of t in the domain.
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Example
X = cost
y =sint
0<t<2m
= Curve has a direction.

Equivalent Cartesian
equation:

Le
-¢

I
Wl
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Sketch

2

X=t x = t°

y=t y=t
Notethatx:y2 -1<t<1
2. 7 2

5/ 114

Alternative Parameterization

x = (t+1)?
y=t+1

Note that x = y? as before.

3

Same points are included as
before, but the points are traced
* differently.
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Try It 1

Sketch the curve defined by the parametric equations:
X = cos® t
y = cost

0<t<A4r
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Example

Draw the parametric curve:

X =2+ cost )
y=3+sint
0<t<2r7 1
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Alternative

x=2+cost
y=3+sint
0<t<2rm
©
Eliminate parameter: 4 '
X —2=cost : s
y—3=sint
(x =22+ (y—3)2=cos’t+sin’t =1
(x=2)?+(y—3)* =1
9 /114
Example

Draw the parametric curve: y
x=1+1t

t=-2\8
y =5-—-2t \
—2<t<3 6
Eliminate parameter: )
t=x-—-1 . N}
y = 5— 2(X — ]_) 2
y=17-—2x
—1<x<4 L .

5 t=3
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Alternative

10
y
[} 9
x=1+1t o\,
_y — 5 - 2t 7
—2<t<3 6
5
Recognize that these are linear .
equations, so "curve” is a line segment. \ A}
Plot endpoints and connect. )
Endpoints are: 1
(—1,9) and (4-, —1) 40 1 2 3 4 5 6
! =3
2

11/ 114

Try It 2

Draw the parametric curve:
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Ellipse

Parameterize the following ellipse:

S
+
©ofS,
I
—
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Ellipse Example Solution

2

2
+%5 =1

g

Use Pythagorean Theorem:

x2 2

55 = Cos” t

2 .

%:sm2t N
Then: s}
X = bhcost _1

y =3sint

O< t< 2 )
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Cycloid

Cycloid — a curve traced by a point on a circle as the circle rolls on
a straight horizontal line.
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Cycloid - Continued

0 is the parameter. "r"” is a constant.

x =|0T| - |PQ|
|OT| = r0
|PQ| = rsinf
X=1rf —rsinf
y =|[CT|—|CQ
ICT|=r
|CQ| = rcosf

y =r—rcosf
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Graph of Cycloid

X=rf —rsinf

y =r—rcosf

=0 . 6=2rx =47 8=6r1
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Quiz

Which set of parametric equations corresponds to the figure?
A) x =sint

y=—t
By x=1t>-9 N
y=—t3+8t :

Ox=1-t y=1t>-9 :

D) X:2t—|—4 2 -1 0 1 2 3 4 5 6 7 8 9 10 1 12
y=3—1t '

/k
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Quiz

Which set of parametric equations corresponds to the figure?

A) x =sint
= —t 7
B)X:t2—9 2
y = —t3 48t
-2 -1 0 1 2
COx=1-t y=t>-9 *
D) x=2t+4 g
y=3-—1t
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Quiz

Which set of parametric equations corresponds to the figure?

A) x =sint v
y=-—-t :
/\ 5
B)x=1t>-9 ;
y=—t>+8t :
Ox=1-t y=t2-9 '
D) x =2t 4 4 :
y=3—t 3
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Quiz

Which set of parametric equations corresponds to the figure?

A)X:Sint y16
y:_t 12
B) x=1t2—9 8
y=—t34+8t ;
C)X:]._t y:t2—9 -4 ¥
D) x = 2t + 4 1 N
y=3—-1t
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Try It 1 Solution
All points of the parametric curve lie on the curve, x = y?, but
0<x<1land —1 <y <1. The curve is traversed 4 times, twice
in each direction, between t =0 and t =7

2
y
1 °
e
A
1 0 1 2
X
1 )
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Try It 2 Solution

The parametric curve lies on y = % but x >0, and y > 0.

4
y
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10.2 Calculus with Parametric Curves
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How Parametric Equations Can Help

dy
: o =
- For y = v1 — x2,
dy _ _—x
| Ix 1—x2
i 05 0 05 by
03 For y = —v1 — x2,
4 Q _ X
X T /1—x2
First Derivative
If x = f(t), and y = g(t),
dy
dy dx
dx — z, If # O
dt
Horizontal tangents occur when % 0, dt ~ %0
Vertical tangents occur when % =0, dt Y 40
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Example

X = cost

y =sint

dy _ cost __

dx — —sint cott

Horizontal tangent:

— _ T
cost=0att=75,5
—sint#0att= 73,
Vertical tangent:

—sint=0att=0,7
cost#Qatt=0,7

Try It 1

0.5

-0.5

-0.5

0.5

For x = cost,y =sint, find an equation of the tangent line at

t=1.

6
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Second Derivative

d
d’y _d(&) _ dav)
dx? dx dx
d(%)  dy)
2 dx y
d°y _ —dr dt
2 dx dx
dx &~ &
Example
X = cos t
y =sint
X = cos t
% =y = —cott
dy
2 dy d(Z)  d()
d y _ d(& dt dt __ csc?t . —1
dx2 dx dx dx — —sint  sindt
dt dt

29 / 114

30 / 114



Example - Continued

dX2 - 3
sin® t N

d?y _ _—1 4

0.5

Concave down when sint > 0,
O<t<m

Concave up when sint < 0,
T<t<2w
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Quiz

2 -
Compute % for the parametric curve, x = t3, y = t> — 1.
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Arc Length

ds 1+ (%)2dx
If x=f(t)and y = g(t), a < t < 3,
then

dy \ 2
ds:\/l—l— (%) o dt
dt

_ d (d}/)2dt

L—/ \/ (%)

Requirements: f’ and g’ are continuous on [a, 3] and the curve is
traversed only once as t increases from « to (3.
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Example

0.5

L = fozﬁ \/sin2 t + cos? tdt

27
= J, dt “

=27

34 /114



Surface Area

Still only one formula:

S = [2nrds

d
ds = /(%) + (% )2dt
r =y = g(t) for revolution about x-axis

r = x = f(t) for revolution about y-axis
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Example

Find the area of the surface generated by revolving the following
curve about the x-axis.

X = cost . h
y =sint
0<t<m
e
S = [2nrds S = 27 sin tv/sin? t + cos? tdt
0
ds—\/sm t + cos® tdt :/ o sin tdt
I’:y:Sint 0 T
:—27rcost‘0
S =|4nx
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Quiz

Which of the following integrals will correctly compute the area of
the surface generated by rotating the curve, x = t3, y = t* — 1,
0 <t <1, around the x-axis?

A) S = [ 2mt*V/9tZ 1 4dt
B) S = [ 2m(t3 — t)V/9t2 1 4dt
C) S = [y 2m(t> — 1)V/9t2 + 4dt
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Try It 2

Find the length of the astroid defined by

x = 2cos36

y =2sin6

0<60 <27
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Distance

If x = f(t) and y = g(t) give the position of a particle as a
function of t, time, then the distance travelled by the particle from
the starting time, tp, until time, t, is given by

s(t) = [/ (F(W)? + (g'(u))?du
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Speed

If x = f(t) and y = g(t) give the position of a particle as a
function of t, time, then the speed of the particle is

@ =V{F)+(g1)?
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Try It 3

If a particle travels on the curve,

x=1t

NIWw

y=3t

WIN

for 8 seconds, starting at t = 0, what is the distance travelled?
What is the displacement? What is the speed?

(All distances are in meters.)

41 / 114

Try It 1 Solution

To find the equation for any line, find a point and find the slope.

At t.:% x = cos(g) = @ and

The slope is &|t:%

dy
dy _ g _ _cost
=

d< T —sint
dt

Using point-slope form:

y—%:—ﬁ(x—%g) ORy = —/3x+2
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Try It 2 Solution

Using symmetry, find arc length for 0 < 6 < 7 and multiply by 4.

& — 6 cos? O(—sin ) & = 65sinf(cos 0)

/:4/ \/36cos405in20—|—sin49c0520d0
0

| = 4/2 \/36c05295in2 0(cos20 + sin? 0)d0
0
4/2 |6 cos 0 sin 6|d6
0

™

4/2 6 cosf sin 0d6O
0

i2 ™
:24(Sn29)‘(?
[ =12
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Try It 3 Solution 1

This curve is traversed only once between t =0 and t = 8, so
distance travelled is the same as arc length.

d= [ N/( +(%)2dt

- fo Vi % )?dt
= [JVI+ tdt

= 3(1+1)2[§
2(27-1)

22 m | (distance)

N
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Try It 3 Solution 2

The displacement is the length of the line segment from the
starting point to the ending point:

| = \/82 + (%)2

Initial point: (0,0) = /064 + 28
Terminal point: (8, %) = 57652048
_ | V2624

= | ¥3%*m | (displacement)
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Try It 3 Solution 3

The speed is %, computed at t = 8.

d
%= %P+ (%7

~
NI

1+ (t2)2

v1+t
%|t:8:\/1+8

=3 m/s (speed at t = 8)
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10.3a Polar Coordinates
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Definition

Polar coordinates can be used to locate a point in a plane:

k4

Rectangular Coordinates Polar Coordinates
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<
—
—
~
()]
<
5 8 .
g m ko
L wre v
J— AN ko @
kle @ o

Also
5

Graph (5, %)

Example
Negative r
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Relationship to (x, y)

Conversion Equations:

y
(.6)
//T r?=x*+y?
e
s | __X
o ) tant = -
e |
s |
) ! X = rcosf
c 6 !
> y = rsinf

51 / 114

Quiz

What are the polar coordinates, (r,8),of the point indicated by the
Cartesian coordinates (0, —3)7
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Examples

Polar Rectangular
Equation Equivalent

r=>5 x? 4 y? =25
rcosf =2 x =2
rsinf =3 y =3

Try It 1
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Find polar equation for x2 4 (y —3)2 =9
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10.3b Limacons
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Drawing Polar Curves

Graph r = cos

First plot a few points...
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Drawing Polar Curves - Cont
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0 r 0 r

0 1 ° T -1

AR AR y
T | V2 | o B | 2

4 2 4 2

T 1 47 1

3 2 °l 3 | 72

£ 0 |e| 32| 0
2r | _1 | | 5z | 1

3 2 3 2

3m | _V2 ™| A2

4 2 4 2

5t | _V3 | o[ 1z | V3

6 2 6 2 p
T -1 o | 27 1

Technique

First graph r = cosf as a Cartesian equation.

Then transfer information to polar graph.

p

A"/‘,2 | "\ //2 B 0 .
-1 ~—

Graphing Tool
Pring Polar Graph

58 / 114



Example

Graph r =2sin6

Graphing Tool Polar Graph
50 / 114
Generalize
Graph r = bcos? Graph r = bsinf

N
\_
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Limacon

r=a+ bcosf
OR

r=a-+ bsinf
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Example

Graph r =1 + cos 6

Graphing Tool
Polar Graph
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Example

Graph r = 2 + cos

Graphing Tool

Polar Graph
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Example
Graph r =1+ 2cos¥
Graphing Tool Polar Graph
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Example

Graph r =1+ 2sin6

Graphing Tool

Polar Graph
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Limacon Summary
AN
\\\: o / \ \/
r =2+ cosf r=1-+ cosf r=1+42sin6
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Limacon Summary Cont

r=a-+ bcosf OR r =a+ bsinf

If a < b, there is a loop.

If a = b, the graph is a cardiod (with a cusp).

If b < a < 2b, there is a dimple in a simple, closed curve.

If a = 2b, there is a point of 0 curvature (flat spot) in a simple,
closed curve.

If a > 2b, the simple, closed curve is convex.
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Try It 2

Graph the polar curve, r = 3+ 2sinf
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Try It 3

Graph the polar curve, r =2 + 4sinf
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Quiz

Which of the following polar equations matches the figure?

4
y

A)r:3 2
B) r =3cosé
C) r=3sind 1
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Quiz

Which of the following polar equations matches the figure?

A) r =3+ 3sinf
B) r=6+3sind
C) r=3+sind

D) r =3+ 3cosb
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Try It 1 Solution

xX*+(y-30=9

x> +y?—6y+9=09

(x*+y?) —6y =0

r> —6rsin =0

r(r —6sinf) =0

r=00R r=6sin6

r = 0 is redundant because the pole is included in r = 6sinf

r==6sin6
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Try It 2 Solution

r=34+2sinf
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Try It 3 Solution

r=2-+4sinf
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10.3c Roses
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Rose

Roses have the form:

r = acos nf
OR
r = asin nf
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Example 1

Graph the polar curve r = sin 26.

Graphing Tool
Polar Graph
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Example 2

Graph the polar curve r = 2sin 26.

Graphing Tool -
Polar Graph
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Example 3

Graph the polar curve r = sin 36.

AWA
RVATALY;

Graphing Tool

3,6

1,4

Polar Graph
Example 4
Graph the polar curve r = cos 36.
Graphing Tool
Polar Graph
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Summary

n=1 n= n=73 n=4
1 petal 4 petals 3 petals 8 petals

What is the rule???
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Try It 1

Draw the polar curve r = 3 cos 26.
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Quiz

Which figure is the graph of the polar curve r = sin 467

\'9)
Zn
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Try It 1 Solution
r = 3cos 26.
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10.4 Areas and Lengths in Polar Coordinates
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Polar to Parametric

A polar function, r = f(#), can be written as a set of parametric
equations in which 6 is the parameter.

x = f(0)cos @
y = f(0)siné
So, r =1 +sin can be written as

x = (1+sinf)cosb
y =(1+sinf)sinf
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Why?

Why would we want to write a polar function as a set of
parametric equations?

Because we can then use the calculus formulas for parametric
equations to compute slope, arc length, etc.
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Example

Find the horizontal and vertical tangents of the polar curve,
r=1+sin6

Solution:

Start by writing the polar function as a set of parametric equations.

x = (1+sinf)cosh

(1 +sinf)sind

y
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Solution

y =(1+sinf)sinf

dy __

& =
cosfsinf + (1 + sin @) cosd

% = cos (1 + 2sin6)

%:Owhen cosfd =0

or when 1+ 2sinf =0

%:Owhen
= 3r Im limw
— 2276’ 6

Horizontal tangents at 6 =
Vertical tangents at ¢ = %,
What about 0 = 37” 7

Solution - Continued

dy

dy _ df __ cosf(1+2sin0)
dx = dx = cos20—sinf
do
) dy
im — =-
9—>37’T+ dx
: dy
[iIm — =
0—)37”_ dx

Vertical cusp at 0 = =¢

x = (14 sinf)cosfb

W:

cos cosf + (1 + sin§)(—sinb)
& = cos? —sin? 0 —sin g

79 = cos20 —sinf

_ — @m 57 3w
77 = 0 when 6 = &, %, 5

]
ol
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Quiz

The tip of one petal of the rose, r = sin 26, occurs at 6 = 7 /4.
What is an equation of the line that is tangent to the polar curve
at that point?

A)y=—x++2
B) y = ¥
C)y=x-%
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Arc Length of Polar Curve

Start with parametric equations and parametric formula for arc
length:

x =rcosf,y = rsinf, where r = (0),

ds = \/(%)2 + (%)2d6

dx _ 1 e dy _ 1
gg =rcosf —rsinf, 5 = rsinf + rcos6

ds = +/(r' cosf — rsinf)2 + (r'sin  + r cos 0)2d0

ds = \/(r’)z(cos2 6 + sin?0) + r2(cos2 6 + sin? 6)d6o

ds = \/(r')? + r2d6
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Arc Length of Polar Curve

r

’ 2 dr.,
= —)2d6
s /a r +(d9)

where a < 0 < (8
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Example

Set up an integral to find the length of the inner loop of the polar
curve, r = % + cosf.

Solution:

<
|
<

e

-05 5 1 15 2
x
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Example - continued

4
3 1
52/3 \/(§+c059)2—|—(—sin9)2d9
27
3

471
3 /1
:/3 \/Z—|—c050—|—c0520+sin29d0
27
3

T /5
:/ — + cosfdo
2% 4
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Quiz

Which integral computes the length of one loop of the polar curve,
r = 3sin 4607

A)s= /4 v/ 95sin? 40 + 144 cos? 40d0
0

B) s = /4 V1 + 144 cos? 46d6
0

C)s= /2 V/95in2 40 + 144 cos? 40d0
0
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Area of a Sector of a Circle

Area of a General Polar Region
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>
I
I
>

> >
X Q
s i

> L
N | —

f(07))%A0

(F(67))* 20

N

>
I
—~
\h
—~~
>
~
~
N
Q.
>

Q

Note: The boundary of the
region is defined by angles.
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Example

Find the area

Solution:

inside one loop of the polar curve r = 3sin 46

us

ENE]

_9/
- 2
0

3

5(

A:/41
0

3sin 460)%d#d

sin? 460d6
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Area of a Region Between Two Polar Curves

Ai = Afi — Agi
A= 5(F(67))2 0 — 5(g(97))*A0

B
A= [ SUFO)R - (e(@)P1d0
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Try It 1

Find the area of the region inside the polar curve r = 1 4 cos 6 and
outside r = 1.
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Try It 2

Find area inside the polar curve r = 1 + sin 6 and outside the polar
curve r = 2sin#.
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Try It 3

Find the area inside both of the polar curves, r = cos# and
r=-siné.
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Try It 4

Find the area of the rectangular stage shown that lies within the
pickup region of the microphone, which is the polar region given by
the equation, r = 8 4+ 8sin6

20

yow Stage
164
14

12

10
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Try It 5

The graph of the polar curve, r =1 4 2 cos 46, is shown. Find the
shaded (black) area.
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Try It 1 Solution

The appropriate area is shaded below.

The intersection points are § = —% and ¢ =

A= [2 3 — r?)do

s
2

NIE

NI

2((1 + cos0)? — 12)d6

I
b
N3

NI

2(1+2cosf + cos® § — 1)d

I
I%
N3

w

NI

2(2cosf + 3(1 + cos 26))d0
(2sinf + 30 + % sin 29)|E%

I
I%
[SIE

1
2
2+

ISE
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Try It 2 Solution 1

The appropriate region is shaded below.

Intersection points:
1-+sinf =2sin6
sinf =1
T
0=7
Also, the pole is an intersection.

Subtract area of circle from area inside red
curve.

f 2(1+5sin6)?dd — [ (2sin0)>d6
1
2

(14 2sin6 +sin20)df — 7 (area

of C|rcle)
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Try It 2 Solution 2

A:f %(1+2sm0+sm 0)do — w

"1+ 2sin0+ (1 — cos20))df —

I\Jll—l

= %(%9 —2cosf — Zsin20)[2" —

s
2
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Try It 3 Solution 1

The curves are shown, with the
appropriate area shaded.

The red region is the area within r = sinf
r=sinf from 6 =0to 0 = 7.

The black region is the area within

r:cosﬁfromﬁz%toezg.

Total Area: W
A= [" Lsin?0d0 + [? 5 cos® 0d6 But
4

the red area and the black area are U

equal because of symmetry, so
A=2[) 3sin®0d0
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Try It 3 Solution 2

A=2 [+ Lsin?0d6
= fo% 2(1 — cos26)d6
— [1(0 — Lsin26)]&

(7 —2)

N~

N~
&3
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Try It 4 Solution 1

Stage

Horizontal line at y = 6 has the polar
equation, r = 6¢csct
Area is 2 times the right-hand area:

A=2 fa% [(8 +8sin0)? — (6. csc6)?]do
Find a:

On outer curve, y = (8 + 8sinf)sinf and
y=6atf=nq,so

(8+8sina)sinaa=16
8sina + 8sin‘a =6

Try It 4 Solution 2

“4sinfa+4sina—3=0

—4+,/16—(4)(4)(-3)
8

sina =

; _ 1 _3
sina = 5 OR 5

Only o = % is a solution.
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A=2 E% (8 +8sinf)? — (6csc6)?]do

6

= [2[64 + 1285sin 6 + 64sin? 0 — 36 csc? 0]d0
6

= ff [64 + 128'sin § + 32(1 — cos 20) — 36 csc? §]d0
6

— [9660 — 128 cos  — 165sin 20 + 36 cot 0] 2
6

=487 —0—0— 0 — [16m — 64+/3 — 8v/3 4 361/3]

— 327 + 364/3
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Try It 5 Solution 1

Find the area of one small petal and multiply by 4.
A= 4ff 2(1+ 2cos40)%do

Find o and (3: -
1+2cos46 =0

Q
I
ol
@
I
W[y

Q— 7T T 2m 5m ’ Uv : U ol 2
6°3” 37 6 0
afp
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Try It 5 Solution 2

A:4f§ (1 +2cos40)?do
= 2(f§ 1+ 4cos46 + 4cos? 46)dd
6

— 9 f§(1 + 4 cos40 + 4(1)(1 + cos 80))df

= 2[0 + sin46 + 2(6 + £ sin 89)]%
6
= 2[30 + sin 40 + L sin80] 3
6
=2r =2+~ (5+ 5 - )]

_3V3
2

=T
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