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De Magnitudine et Mensura De Magnitudine et Mensura

(1) Magnitudo est, quod in re exprimitur per numerum par- (1) Magnitude is what is expressed in a thing by the number of parts
tium, congruentium rei datae, quae Mensura appellatur. congruent to a given thing which is called the Measure.

Scholion. Exempli causa lineae magnitudo exprimitur nu- Note. For example, the magnitude of a line is expressed by the number
5 mero pedum vel pollicum, id est partium quarum quaelibet 5R of feet or inches, that is, of parts any of which are congruent to a foot

congruit pedi vel pollici in aliqua materia (velut orichalco aul or an inch in some actually given material (as if brass or wood). Just
ligno) reapse dato. Sic orgyjae magnitudo (quantum homo so the magnitude of a fathom (the amount that human arms can be
brachia extendere potest), ad certum aliquid (velut per aver- extended), needing to be designated by something certain (as if a bulk
sionem) designandum censetur exprimi numero sex pedum; measure [per aversionem]), is reckoned to be expressed by number

10 vel septuaginta duorum pollicum, quia pes duodecim pol- 10R as six feet, or seventy-two inches, since a foot is twelve inches. The
licum habetur. Cubiti magnitudo est unius et dimidii pedis, magnitude of a cubit is one and a half feet, or one foot and six inches, or
vel unius pedis et sex pollicum, vel octodecim pollicum. Pon- eighteen inches. We set, moreover, the magnitude of a foot or an inch
imus autem pedis vel pollicis magnitudinem reapse in organo to be given in a real device. Hence it is also clear that the magnitude
datam esse. Unde patet quoque, eandem ejusdem rei magni- of one and the same thing can be expressed by various numbers, as the

15 tudinem diversis numeris exprimi, prout variatur mensura, 15R measure is varied; indeed sometimes various measures are connected
imo interdum diversas mensuras conjungi inter se, ut cum to each other, such as when the cubit is designated simultaneously by
cubitus simul designatur per pedem et pollices. feet and inches.

(2) Homogenea sunt, quorum magnitudines numeris exprimi (2) Homogeneous things are those whose magnitudes can be expressed
possunt eandem assumendo pro omnibus mensuram, tan- by numbers while taking the same measure as the unity for all of

20 quam unitatem. 20R them.
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Schol. Ita si pes sit ut unitas erit pollex ut 1
12 , cubitus ut 3

2 , Note. Thus if a foot is the unity, then an inch will be 1
12 , a cubit 3

2 ,
orgyja ut 6. Sin pollex sit ut unitas, erit pes ut 12, cubitus a fathom 6. But if the inch is set as unity, then a foot will be 12, a
ut 18, et orgyja ut 72. Et hoc modo lineae rectae cujusque cubit 18, and a fathom 72. And in this way the length of any straight
longitudo exprimi potest numero quidem integro, si mensura line can be expressed by a whole number if, when the measure is

5 aliquoties detracta, verbi gratia pede ter detracto, restet nihil, 5R subtracted some number of times (for example when three feet are
ita enim recta tripedalis erit. Sed si mensura vel pede quoties subtracted), then nothing remains (so then it would be a three foot
fieri potest detracto restet aliquid; ad id quoque mensuran- line). But if, when the measure (or foot) is subtracted as many times
dum sumi poterit certa pars pedis, exempli causa decima, as possible, something remains, then we can take a certain part of
quae rursus quoties fieri potest, detrahetur ab hoc residuo; the foot (for example a tenth) in order to measure it also, which can

10 exempli causa vicibus septem et pede assumto pro unitate, 10R be subtracted again as many times as possible from this residue (for
numerus quantitatis detractae erit fractus, 3 et 7

10 vel 37
10 . Et example seven times in succession, and with the foot taken as the

hoc modo si res mensuranda ita sit exhausta ut restet nihil, unity, the number of the subtracted quantity will be the fraction 3
is numerus rei respondebit, magnitudinemque ejus exprimet. and 7

10 , or 37
10 ). And if the thing to be measured is exhausted in this

Sin adhuc supersit aliquid tunc vel possumus iterum novam manner and nothing remains, that number will correspond to the
15 assumere mensurae partem, veluti centesimam, eamque de- 15R thing and express its magnitude. But if instead something survives,

trahere quoties fieri potest; et si error centesima parte minor then indeed we can take a new part of the measure again, perhaps a
nobis satis magni momenti non videatur, contenti possumus hundredth, and subtract it as many times as possible; and if the error
esse hac, per mensuram, et mensurae decimas, et centesimas smaller than the hundredth part does not seem sufficiently important
appropinquatione, alioqui ad millesimas et ultra progressuri. to us, then we can be content with this approximation by the measure

20 Solemus autem in praxi adhibere scalam, id est constantem 20R and tenths or hundredths of the measure, otherwise progressing to
quandam mensurae divisionem in orichalco aut alia dura- thousandths and beyond. In practice we are accustomed, however,
bili materia factam, et quidem per decimas, et decimas deci- to apply a scale, that is, a certain constant division of the measure
marum seu centesimas, et millesimas et porro, quoniam hoc made in brass or another durable material, indeed by tenths and
modo fractiones decimaliter expressae tractari possunt in- tenths of tenths, or hundredths, and thousandths, and so on, since

25 star integrorum, qui nobis decadica progressione, id est per 25R fractions expressed in decimals in this way can be treated in the
unitates, decades, centenarios, millenarios, myriades etc. ex- form of integers, which are customarily exhibited to us by a decadic
hiberi solent; ita Ludolphus de Colonia calculo longe producto progression, that is by units, tens, hundreds, thousands, ten thousands
invenit, diametro circuli existente 1, circumferentiam esse etc.; thus Ludolphus of Colonia discovered, by prolonged calculation,
3 + 1

10 + 4
100 + 1

1000 + 5
10000 + 9

100000 + 2
1000000 vel (quod in that with the diameter of a circle being 1, the circumference is 3 +

30 decimalibus licet) conjungendo statim in unam fractionem 30R 1
10 + 4

100 + 1
1000 + 5

10000 + 9
100000 + 2

1000000 , or (what is allowed in
3141592 etc.
1000000 etc. usque ad … sedem. Sed quoniam appropinqua- decimals) joining them up in one fraction 3141592

1000000 etc. up until … . it
tiones hujusmodi etsi praxi vulgari sufficientes nullam dant is settled. But since approximations of this kind, even if they suffice
exactam magnitudinis quaesitae cognitionem; ideoque in sci- for common practice, never give exact knowledge of the magnitude we
entifico processu tamdiu pergimus, donec appareat series seek, therefore we proceed by a scientific process long enough until

35 progrediendi in infinitum; et huic fini non adhibemus indis- 35R a series of progression to infinity appears; and to this end we do not
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tincte decimales, aut alias quaslibet scalae constantes di- employ decimals indiscriminately, or any other constant divisions of
visiones, sed accommodamus fractiones ad rei naturam, ut the scale, but rather adjust the fractions to the nature of the thing,
scilicet facilius ad legem progressus perveniamus. Atque ita that we may arrive more easily, of course, at the law of progression.
a me repertum est, si diameter sit 1

8 , circumferentiam fore And thus I discovered, if the diameter is 1
8 , the circumference will

5 1
3 + 1

35 + 1
99 + 1

195 et ita porro in infinitum posito fractionum 5R be 1
3 + 1

35 + 1
99 + 1

195 and so on to infinity, setting the numerator of
numeratorem esse unitatem, sed denominatores esse qui fi- the fraction to be the unit, but the denominators to be what results
unt ex duobus imparibus, 1 et 3, 5 et 7, 9 et 11, 13 et 15, from two odds, 1 and 3, 5 and 7, 9 and 11, 13 and 15, 17 and 19, and
17 et 19, et ita porro, invicem multiplicatis. Et ea ratione so on, multiplied together. And by this method, not only can all the
non tantum omnes appropinquationes continuando dabiles approximations obtainable by continuing be expressed simultaneously,

10 simul exprimuntur, sed etiam fieri potest ut error minor sit 10R but the error can even be made smaller than whatever given; namely
quovis dato. Nam ostendi potest, si circumferentia dicatur it can be shown that if the circumference is called 1

3 , then the error
esse 1

3 errorem fore minorem quam 1
5 si dicatur esse 1

3 + 1
35 , will come out smaller than 1

5 ; if it is called 1
3 + 1

35 , then the error
errorem minorem fore quam 1

9 ; si dicatur esse 1
3 + 1

35 + 1
99 will come out smaller than 1

9 ; if it is called 1
3 + 1

35 + 1
99 , then the

errorem fore minorem quam 1
13 . Et ita porro, priorem sem- error will come out smaller than 1

13 , and so on, always by taking
15 per ex imparium proximorum combinatione sumendo. Tota 15R the first from the pair of consecutive odds. The whole infinite series

autem series infinita exacte naturam circuli exprimit. Sed hoc exactly expresses the nature of the circle. But we have derived this
nos rationibus ex intima natura circuli consecuti sumus, or- rationally from the inner nature of the circle; on the other hand, the
ganice autem magnitudo circumferentiae circuli vel alterius magnitude of the circumference of the circle or another curved path
lineae curvae per filum obtineri potest, curvae lineae rigi- can be obtained mechanically using a thread, fitted to the rigid curved

20 dae accommodatum et deinde in rectam extensum et scalae 20R path and afterwards extended in a straight line and applied to a scale,
applicatum, vel dum curva linea rigida volvitur in plano, or rolling the rigid curved path in the plane, provided that the rolling is
quanquam provolutio illa ad securitatem filo vel catena re- guided by a thread or chain for security, lest dragging be mixed with it.
genda sit, ne tractio ei misceatur. Motu etiam res obtinetur, The fact is also obtained by motion, when two mobile things traverse
dum duo mobilia velocitatis uniformis percurrunt rectam et a line and a curve with uniform velocity, for the absolute paths in the

25 curvam, nam erunt lineae iisdem temporibus absolutae ut 25R same times will be as the velocities of the mobile things. And if the
mobilium velocitates. Quodsi res mensuranda sit superfi- thing to be measured is a surface, another surface can be taken as the
cies, pro mensura poterit alia assumi superficies, verbi gratia measure, for example a square foot which (or the determinate parts
pes quadratus qui vel cujus determinatae partes a plana su- of which) can be subtracted as many times as possible from a planar
perficie quoties fieri poterit detrahentur: quodsi superficies surface; and if the surface is not planar, one should see whether it is

30 plana non sit, videndum an commode transformari possit in 30R easily transformed into a plane. For the measure of a solid, another
planam. Pro solidi mensura aliud assumetur solidum, veluti solid would be taken, such as a cubic foot, and one would proceed
pes cubicus, eodemque modo procedetur. Comparari etiam in the same way. The magnitudes of solids could also be compared
solidorum magnitudines poterunt immergendo in liquorem, by immersing them in liquid, and measuring the amount it is raised
et mensurando quantum ille in vase attollatur; sed et pon- in the vessel; but also by weighing, if both are developed from the

35 derando, si ambo ex eadem materia elaborentur. Idemque et 35R same material; and the same thing can be carried over to curves
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ad lineas et superficies suo quodam modo potest transferri. and surfaces in some appropriate way [suo quodam modo]. And thus
Atque ita Galilaeus Cycloidis dimensionem ponderibus inves- Galileo investigated the dimension of a Cycloid by weights, although
tigavit, etsi veram dimensionem scientifica deinde ab aliis by this method he did not obtain the true dimension discovered later by
ratione repertam hac methodo non fuerit consecutus. Motu others by scientific reasoning. A surface and a solid are also sometimes

5 etiam superficies et solida interdum commode mensurantur, 5R conveniently measured by motion, as the traces, as it were, of a curve
tanquam vestigia lineae aut superficiei. Generaliter autem or a surface. In general, however, all estimation from our definition of
omnis aestimatio ex nostra magnitudinis definitione ad men- magnitude reduces to the repetition of a certain measure expressed by
surae cujusdam repetitionem numeris expressam redit, aut numbers, or to the number assignable to a thing supposing that unity
ad numerum rei ascribendum, posito rei alteri datae ascribi is assigned to another given thing. And furthermore, by this reckoning,

10 unitatem. Eaque ratione etiam non tantum extensiones et 10R not only extensions and diffusions of parts outside a part [difusiones
diffusiones partium extra partes, ut in spatio et tempore, sed partium extra parte], as in space and time, but also intensions or
etiam intensiones seu gradus qualitatum actionumque, jura degrees of qualities and actions, indeed also laws, values, likelihoods,
etiam, valores, verisimilitudines, perfectiones aliaque inex- perfections, and other inextensible things are called back to numbers,
tensa ad numeros revocantur, reperta scilicet mensura cui a measure being found to which, or to the several parts of which,

15 aut cujus partibus aliquotis congruant, quae in re mensu- 15R those that are found in the thing to be measured are congruent, but by
randa reperiuntur, sed cujus aut cujus partium aliquotarum repetition of which, or of the several parts of which, the magnitude to be
repetitione magnitudo aestimanda formetur. Quae consid- estimated is formed. Of what great moment this consideration is, and
eratio quanti sit momenti, et quam in ea consistat vis verae how the strength of true Universal Mathesis, or the art of estimation
Matheseos Universalis, seu artis aestimandi in universum in in general, consists in it, is shown in our Specimen Dynamicum.

20 Dynamicis nostris speciminibus est ostensum.

(3) Commensurabilia sunt inter se, quorum reperiri potest 20R (3) Things are Commensurable with each other when a single com-
una mensura communis exhauriens, cujus repetitione magni- mon measure can be found exhausting them, by the repetition of
tudines eorum constituantur. Sin minus, incommensurabilia which their magnitudes are constituted; but if not, they are called
vocantur, et numerus ei, quod cum mensura pro unitate as- incommensurable, and the number to be assigned to that which is

25 sumta incommensurabile est, assignandus vocatur surdus incommensurable with the measure taken as unit, is called surd or
vel irrationalis; sin commensurabilis sit unitati; rationalis 25R irrational; but if it is commensurable with the unit, then it is termed
appellatur. rational.

Schol. Si nempe mensuram vel partes aliquotas mensuram Note. If, of course, by subtracting the measure, or some number of
sua repetitione constituentes quoties fieri potest detrahendo parts constituting the measure by their repetition, as many times as

30 perveniatur ad exhaustionem, semper haberi potest commu- possible, exhaustion is attained, then a common measure, constituting
nis mensura repetitione constituens ita. Nam tota magni- 30R by repetition, can always be obtained. For the whole magnitude to be
tudo mensuranda exprimitur vel integris vel composito ex measured is expressed either by integers or by a composite of integers
integris et fractis. Jam fracti quotcunque reduci possunt ad and fractions. Now any fractions can be reduced to a common divisor,
communem divisorem, atque ita ad communem mensuram. and thus to a common measure. Let the number found to express the
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Esto numerus inventus magnitudinem quaesitam lineae ex- desired magnitude of the line be 2 + 2
3 + 1

6 ; by reducing to a common
primens 2 + 2

3 + 1
6 reducendo ad communem denominatorem denominator it becomes 17

6 ; therefore if the foot is 1 or 6
6 , certainly

fiet 17
6 . Itaque si pes sit 1 vel 6

6 utique communis mensura a common measure of the estimated thing and of the foot will be 1
6 ,

rei aestimatae et pedis erit 1
6 , quae quantitas in re aestimata which quantity is contained in the estimated thing seventeen times,

5 continetur decies septies, in pede sexies. Sed si sexta pars 5R and in the foot six times. But if the sixth part of a foot, or a two inch
pedis seu bipollicaris linea assumatur pro unitate seu men- line, is taken as the unit or measure, then the foot will be as 6, while
sura, erit pes ut 6, linea vero aestimanda ut 17, adeoque pes the line to be estimated will be as 17, and thus the foot and the line
et linea commensurabiles erunt. Sed si fractiones procedant will be commensurable. But if the fractions continue to infinity, and
in infinitum, nec in unum numerum assignabilem integrum they cannot be collected by summing into one assignable integral or

10 vel fractum summando colligi possint, magnitudo aestimanda 10R fractional number, then the magnitude to be estimated will be incom-
erit ei, cui unitatem assignavimus, vel partibus ejus aliquotis mensurable to that to which we assigned the unit, or to a number of
(hoc est repetendo eam conficientibus) incommensurabilis. its parts (that is, to those producing it by repetition). For instance
Veluti si linea sit quae constet uno pede, et duabus decimis if there were a line which consisted of one foot and two tenths of a
pedis, et tribus centesimis et quatuor millesimis, et quinque foot, and three hundredths and four thousandths, and five 10, 000ths,

15 10, 000mis, et sic in infinitum, ita ut pede posito ut 1, linea 15R and likewise to infinity, so that by setting the foot as 1, the line would
sit ut 1

1 + 2
10 + 3

100 + 4
1000 + 5

10000 + 6
100000 + 7

1000000 etc. be 1
1 + 2

10 + 3
100 + 4

1000 + 5
10000 + 6

100000 + 7
1000000 etc. or 1234567

1000000
vel 1234567 etc.

1000000 etc. vel more decimalium 1.234567 etc. Ita enim etc. or in the manner of decimals 1.234567 etc. Then indeed the line
nunquam exhaurietur linea quae mensuranda est, et tamen to be measured would never be exhausted, but nevertheless, its true
vera ejus magnitudo exacte expressa habetur. Quotiescunque magnitude is considered to be expressed exactly. Indeed whenever the

20 enim numerus est rationalis, ut vocant, seu unitati commen- 20R number is rational, as they call it, or commensurable to the unit, then
surabilis, toties decimalibus expressus periodo constat, ita ut also, when expressed in decimals, it continues periodically, such that
characteres iidem semper recurrant in infinitum, ut suo loco the same characters always recur to infinity, as we will show in its own
ostendemus; quod hoc loco non fieri constructio ipsa ostendit. place (which does not happen here, as the construction itself shows).
Porro communem mensuram investigandi haec ratio prodita Furthermore, this method of investigating the common measure has

25 est a Mathematicis, uti suo loco exponemus, ut a majore de- 25R been produced by Mathematicians, as we shall explain in its own place,
trahatur minus quoties fieri potest. Residuum deinde rursus that the lesser is subtracted from the greater as many times as can be,
quoties fieri potest ab ipso Minore antea detracto detrahatur, and then the Residue is subtracted again from the same previously
et secundum Residuum a secundo detracto seu primo residuo, subtracted Lesser, and the second Residue is subtracted from the
et a secundo Residuo similiter tertium, ita necessario vel second (i.e. the first residue), and similarly the third from the second

30 ad exhaustionem devenietur, eritque ultimum detractum ex- 30R Residue; and so necessarily either we will arrive at exhaustion, and
hauriens ipsa maxima communis mensura, toties in prima the last subtracted thing exhausting [the rest] is in fact the greatest
magnitudine seu comparatarum majore contenta, quoties common measure, contained as many times in the first magnitude
unitas in producto ex omnibus quotientibus invicem multi- (or the greater of those compared) as the unit is-in the product of all
plicatis inest; vel si residua supersint in infinitum, incom- quotients multiplied by each other, or else if residues are left over to

35 mensurabiles erunt duae primae quantitates, quemadmodum 35R infinity, the original two quantities will be incommensurable, inas-
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et residua omnia; sed ipsa series quotientium si certa lege much as all the residues are; but this series of quotients that express
constet, qui exprimunt quoties quivis minor a praecedente how many times each lesser could be subtracted from the preceding
detrahi possit, comparationem scientificam duarum magni- one, if based on a fixed rule, gives the scientific comparison of the
tudinum dabit. Interim fictione quadam possumus concipere, two magnitudes. At the same time, we could imagine by a kind of

5 omnes quantitates homogeneas esse velut commensurabiles 5R fiction that all quantities are homogeneous, as though commensurable
inter se; fingendo scilicet elementum aliquod infinitesimum with each other, namely by contriving some infinitesimal, or infinitely
vel infinite parvum. Tali fictione constat calculus Logarithmo- small, elements. The calculus of Logarithms rests on such a fiction,
rum, certo aliquo Elemento Logarithmico constituto. Similis with some fixed Logarithmic Element being established. A similar
fictio locum habet in Geometria, rem concipiendo perinde ac fiction takes place in Geometry, by imagining the situation as if all

10 si omnes lineae constarent ex infinitis numero lineolis rec- 10R curves consisted of infinitely many little line segments infinitely small,
tis infinite parvis, et ita perinde ac si lineae curvae essent and thus as if curved lines were polygons with infinitely many sides;
polygona infinitorum laterum, vel perinde ac si superficies or as if surfaces consisted of infinitely many little planar faces, that
constarent ex infinitis facieculis planis, id est perinde ac si is, as if every concave or convex solid were a polyhedron with hedra
solida concava vel convexa omnia essent polyhedra hedrarum of infinite smallness. In the same way it can be imagined that all

15 infinitae exiguitatis. Eodem modo fingi potest, omnia solida 15R solids consist of equal elementary particles [corpusculis] infinite in
constare ex corpusculis elementaribus aequalibus infinitis number and infinitely small in magnitude. And this fiction cannot
numero et magnitudine infinite parvis. Et haec fictio nullum introduce error, since (if you proceed duly from the hypothesis), the
potest afferre errorem, quia (si rite procedas ex hypothesi) error never becomes greater than some elementary particles, which
error nunquam fit major particulis aliquot elementaribus, has no comparison with the whole; concerning this, see our Lemmas

20 qui nullam cum toto comparationem habet, de quo nostra 20R about incomparables. Hence if, for the fictitious or infinitely small
incomparabilium Lemmata videantur. Unde si pro particulis elementary particles, we take real assignable things however small,
elementaribus fictitiis seu infinite parvis assumamus veras it can be shown that the error which could appear to be admitted to
assignabiles quantumlibet parvas, ostendi potest, errorem the computation is smaller than any given error; that is, none could
qui in ratiocinando admissus videri possit, minorem esse quo- be assigned. But although one could conceive, to imitate commen-

25 vis dato errore, id est nullum assignari posse. Licet autem 25R surability, that these infinitesimals or infinitely small elements are
ad commensurabilitatis imitationem concipi possit infinites- equal to each other, nonetheless sometimes it is better to imagine pro-
imalia illa seu infinite parva elementa aequalia esse inter ceeding by some other method that is useful to assist the computation.
se, interdum tamen fingi praestat alia procedere ratione utili These things are more apparent from that deeper part of the Doctrine
ad ratiocinationem juvandam. Quae melius apparebunt ex of magnitudes or Universal Mathematics [Mathesis Universalis], in

30 parte illa interiore Doctrinae magnitudinum seu Matheseos 30R which of course the science of the infinite is contained.
Universalis, qua nempe continetur Scientia infiniti.


