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It has often been observed by men endowed with keen judgement that Geometers, though
they deliver the truest and most certain things, and confirm them so that one cannot
withhold assent, yet they neither sufficiently enlighten the mind, nor open the fountains
of discovery, while the reader feels themselves captured and bound, but not sufficiently
able to grasp how they have fallen into this trap. This issue makes people admire more
than understand the demonstrations of Geometers, and not perceive enough fruit for the
improvement of the intellect, also profitable for other disciplines, and which seems to me in
fact to be the most powerful use of Mathematical demonstrations. Then, as I often pondered
these matters, very many things occurred to me that seemed to help restore the causes and
reopen the fountains, so I decided to write down a sample of them with an informal style and
freer structure, just as it comes now to mind, saving a more rigorous method of explaining
them for another time.

Geometers use, or can use, various concepts taken from elsewhere, namely about what
is same and what distinct, or i.e. coincident and non-coincident, about what is-in* or not
is-in, about determined and undetermined, about congruent and incongruent, about similar
and dissimilar, about whole and part, about equal, greater, and lesser, about continuous
and interrupted, about change, and finally, what is properly their own, about situs and
extension.

The doctrine about coincident and non-coincident is itself the doctrine of logic about the
forms of syllogisms. Hence, we take it that things which coincide with the same third thing
coincide with each other; if one of two coincidents did not coincide with the third, neither
would the other coincide with it.

A Geometer shows thus that the point where two diameters of a circle (that is, straight
lines dividing the circle into two congruent parts) intersect coincides with the point where
another two diameters of the same circle intersect. See Fig. 1.

Fig. 1

Some part of the doctrine about what is-in something else was even involved in demon-
strations by Aristotle in his Prior Analytics, for he observed that the predicate is-in the
subject, that is, the notion of the predicate [is-in] the notion of the subject, even though
on the other hand individuals of the subject are-in individuals of the predicate. And at
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this point more universal things could be demonstrated about that containing and that
contained, or being-in, which would be as useful in matters of Logic as in Geometry.

I gave a sample of these when I demonstrated in Fig. 2 that if A isin B and B is in C,
then A also is in C; in Fig. 3 that if Aisin L and B is in L, then the composite of A and B
also is in L; in Fig. 4 that if A is in B and B is in A, then A and B coincide. I also solved
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the problem of finding arbitrarily many things such that nothing new can be composed from
them, which happens if they are-in each other mutually, successively [continue]; as when A
isin B and B in C and C in D etc., then nothing new can be composed from these. This
can also be exhibited in another way, as when there are five things A, B, C, D, E, and A [BI
coincides with C, and A is in D, and finally B coincides with E, then nothing new can
be composed from them however they may be combined. From this I also show how more
things of a given number should relate as to coincidence and existence-in, so that useful
combinations could be arranged from this for composing something new. And part of the
general Combinatorial Science of universally accepted formulas is involved in these things,
to which not only Geometry, but also Logistics or the universal Mathematics treating of
Magnitudes and Ratios in general, is elsewhere shown to be subordinate.

Next is the doctrine of the determined and the undetermined, when of course, from
certain givens a requirement is so circumscribed that only a unique thing can be found
which satisfies these conditions. There is also semidetermined, when indeed not a unique
thing but multiple, of fixed number, or i.e. finite in number, can be exhibited that satisfy
them. Thus, given two points A, B, the line AB or i.e. the minimal path from one to the
other is determined (Fig. 5); but if a point C is sought in the plane whose distances from the

Fig. 5

given points A and B are of a given magnitude, the problem is semidetermined, since two
points in the same plane can be found, say C and (C), that satisfy the requirement. But
only a unique circle can be found whose circumference passes through three given points A,
B, C. And hence if two circles are proposed, and it is found in the course of argument that
each of them passes through three proposed points, it is certain that those circles, which are
two in name, are really one and the same or coincide. Whether I hold the given conditions
to be determining can be recognized from them themselves, when they are such that they
contain the generation or production of the thing sought, or at least that they demonstrate
its possibility, and in the course of generating or demonstrating one always proceeds in a
determinate manner, so that nothing is left up to decision or choice.® If, indeed, one does
arrive at the generation of the thing or the demonstration of its possibility by proceeding



in this way, then certainly the problem is thoroughly determined.

From here I deduced many remarkable and very useful Axioms, which nevertheless I
don’t see observed often enough. The most powerful of these is that a determiner can be
substituted for a determined in a new determination in which the determined determines
something in turn, while preserving this determination. Thus, if we say that the indefinite
line passing through A and B (Fig. 6) is the locus of all points relating in a determinate
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way to A and B, or i.e. unique with their situses to A and B, I will demonstrate from there
that, for two other points taken on the same line, say C and A (taking now one of the
earlier points for the sake of ease and brevity), the same line is determined also by these
two points, or i.e., that any point in the same line is unique with its situs to A and C. The
demonstration is like this: Let there be a line through A and B, each point of which, say
L, is unique with its situs to A and B, so that no other point can be found relating in the
same way to A and B (which is a property of the line), or i.e. A:B:L un. (this is how I will
write determination), and take another point C on the same line; I claim that any point of
the line, such as L, is also unique with its situs to A and C, or i.e. A:C:L un. Indeed, A:B:L
un. (by hypothesis) and A:B:C: un. (since C is on the line through A, B); now remove B in
the latter determination by means of the prior determination, substituting A:L for B (by
the present axiom, because B is determined by A:LB); and so in the latter determination,
instead of A:B:C we will have A:A:L:C un. But the repetition of A here is useless, that
is, if A:A:L:C is un., then A:L:C also is un., or i.e. L is unique with its situs to A and C,
which is what we set out to demonstrate.

Whence from this example we see a new kind of calculus is born, never until now exploited
by a mortal, which magnitudes do not enter, but rather points, and where calculation
is not done by equations, but through determinations, or congruences and coincidences.
Determination can indeed be resolved into coincidence by means of congruence in this way:
A:B:L: un. means: if the situs A:B:L is congruent to the situs A:B:Y, [then] L and Y
coincide. Now I usually denote coincidence by such a sign: [_ahd congruence alone by
such a sign: [_And hence A:B:L: un. means the same thing as the following conditional
proposition: If A:B:L [CAIB:Y, then L [Y_lwhere I use the letter Y for an indefinite
point, in imitation of the Algebraists, for whom the last letters, such as X, y, usually signify
indefinite magnitudes. For, whatever point you take, say Y , which relates in the same way
to the points A and B as L relates to the points A and B, it necessarily coincides with L,
supposing of course that the situs of L to A and B is unique, or i.e. that L is on the line
passing through A and B.

Let us pass on, therefore, to explain congruences. Things are congruent that cannot be
distinguished in any way if they are observed by themselves, like the two triangles ABC and
AB(C) in Fig. 5, for which nothing prevents us placing the one onto the other so that they
coincide. So now they are only distinguished by position, or the relation to something else
already given in position, as for instance, given another point L, it can happen that ABC
relates in a different way to L than AB(C) relates to L, for example if L is closer to C than
to (C). It is necessary, though, that another (L) could be found that relates in the same way
to AB(C) as L relates to ABC, so that ABCL and AB(C)(L) are congruent; otherwise,
if something like this could not be done for AB(C) which can be done for ABC (so that
(L) could not be found for the former as L for the latter), eo ipso ABC and AB(C) could
be distinguished, or i.e. would not be congruent. And this itself is an axiom of the greatest



moment, that if two things ABC and AB(C) are congruent and some L is found relating
in a certain way to the one ABC, then also another (L) exists?, or is possible, that relates
in the same way to the other AB(C). Now I use this notation (Fig. 7), A:B:C [ITIM:N,

Fig. 7

which signifies that the three points A, B, C are situated among themselves in the same
way as the three points L, M, N. But this is to be understood respectively according to the
prescribed order, so of course when A:B:C and L:M:N are understood to be congruent, or
to coincide, or to be able to be placed onto each other, A coincides with L, and B with M,
and C with N. Hence if A:B:C [IZM:N, it follows that also A:B [CI_IM, and likewise for
the others. But in order to obtain A:B:C [CLIM:N, we must first check that A:B [LIM
and A:C [N and B:C [MEN, and then finally indeed by composing we may safely say
that A:B:C CIZM:N. So we see (Fig. 8) that triangles ABC and LMN may have two equal
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sides, AB [equal] to LM and AC [equal] to LN, but nevertheless not be congruent because
they do not have equal third sides, BC and MN. Now the way that in general a congruence
of combinations of higher degree can be obtained from congruences of combinations of lower
degree, and that one does not need all triples to find the congruence of a quadruple, but
only three, and for obtaining a congruence of quintuples, five triples, and of sextuples, seven
triples, and so forth to infinity, will appear below when we talk about similarities.

Now it is also clear that in general from all combinations of one degree being respectively
congruent, one can always conclude that all combinations of another degree are congruent,
for example all triples from all pairs, since from all combinations of one degree, for example
from all the pairs from four things being congruent, one can conclude that the whole com-
bination of the four things itself, or the quadruple A:B:C:D, is congruent with L:M:N:P.
Now from the congruence of the whole combination it follows that any lower combination,
or any triple, is congruent to the corresponding one; therefore from all pairs, all triples.

2Sometimes using “exists” or “there is” for “detur” in modern mathematical idiom.



From these we learn the remarkable difference of congruences from coincidences and
existences-in or i.e. containments. For (Fig. 9) if the line AB coincides with the line LM,

Fig. 9

and at the same time the line AC coincides with LN, then the line BC also coincides with
the line MN. When AB and LM coincide, eo ipso the point A also coincides with L and
B with M; and when AC and LN coincide, eo ipso the point C also coincides with the
point N; since, therefore, the points A, B, C coincide with L, M, N respectively, and hence
B, C with M, N3 the lines BC and MN also coincide. From the nature of the line as to
existences-in, I showed elsewhere that, if A is-in L and B [is-in] M, then A [Blwill also
be-in L [Ml, and if A [Blis-in L [Ml, and A [Clis-in L [Nl then A [BILClwill also be-in
L M [N, which mode of arguing cannot be imitated with congruences and similarities.

Now from these things that we just said about the difference between coincidences and
congruences flows in turn the reason why triangles ABC and (L)(M)(N) (Fig. 9) are
congruent if the sides AB and (L)(M) as well as AC and (L)(N) are congruent, possibly
not mentioning the third ones AC and (M)(N), provided that the angles at A and (L) are
congruent. For if the line (L)(M) is congruent to the line AB and the line (L)(N) to the
line AC, and also the angle at (L) to the angle at A, then the lines (L)(M) and (L)(N)
can be transferred onto AB and AC, with their situs preserved, and so (L)(M)(N) can be
placed onto ABC, such that AB and LM as well as AC and LN coincide; therefore, by the
nature of coincidence, BC and MN also coincide; and so if the enclosing lines as well as
their angles are congruent, then the bases will also be congruent, and so the whole triangle
[congruent] to the triangle.

And from this very example we can illustrate this remarkable and very useful Axiom:
Things determined in the same way from congruent things are congruent. Thus, since, in
general, from two lines given in magnitude and their angle given in magnitude and position,
a triangle is determined or i.e. given in position, hence if two triangles ABC and (L)(M)(N)
are given, having legs AB congruent with (LM) and AC with (L)(N), as well as a congruent
angle that they enclose, angle A with angle (L), the triangles themselves will be congruent.
Similarly, since from three lines given in magnitude the angles of a triangle are also given
in magnitude, and so everything is determined which would prevent congruence by being
different, hence if two triangles have three lines respectively equal and hence congruent
(since equal lines are congruent), the triangles themselves will be congruent. And this, on
closer consideration, will be found to coincide with Euclid’s method of superposition.

Other axioms are also relevant here, such as, things congruent to the same thing are
congruent to each other, and of things congruent to each other, if one is incongruent to a
third, then the other will be also incongruent to it, which are nevertheless just corollaries
of the axioms about same and different. For in things that are congruent, everything is the
same, except position, so that they differ only in number. And in general, whatever can
be done or said of one of the congruents can also be done and said of the other, with this
one exception, that the things which apply in the one differ in number or position from
those which apply in the other. Thus we will understand not only two cubits or two feet
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to be congruent, but also two pounds, taken abstractly, two hours, two equal degrees of
speed. It is also noteworthy that if the peripheries of two bodies are congruent, then also
the bodies themselves are congruent, because if the boundaries are congruent in actuality
or i.e. coincide, the bodies also coincide. But it is not necessary for surfaces and curves to
coincide or be congruent whose extremes coincide or are congruent. It can nonetheless be
said in general, that two extensions coincide or are congruent if the things in it [sic] that can
be touched from the outside, or i.e. that can be common to itself and the outside,® coincide
or are congruent. Hence, because surfaces and curves (but not solids) can be touched
everywhere from the outside, it is not sufficient for their boundaries to be congruent or
coincident. But in general it is the nature of? space, of extension (and so also of body,
insofar as we conceive nothing other than space to be present in it), that in the inside it is
everywhere congruent and indistinguishable (such as if I move in the middle of water, or feel
in the middle of darkness, and do not hit anything) and it can only be distinguished through
those things that can be touched from the outside, or i.e. are common to it and another thing
[alio] (with which it may not have any common part). Hence also if two surfaces or curves
are found to be uniform, with their extremes congruent or even congruous in actuality, then
they themselves will be congruent or coincide® in actuality.

Equals arise from congruents. Namely, what things are congruent, or can be rendered
congruent by transformation if necessary, are called equal. Thus in Fig. 10 triangles BAD,
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BCD, BCE, BFE are congruent and therefore equal; since triangle EBD is also equal to
the square ABCD, though indeed the triangle and square are not congruent, nevertheless in
this case a square congruent to the former can be made from the triangle by a transposition
of its parts, for if you transfer the one part BCD of triangle EBD onto the congruent
BF E, with the other part ECB remaining, then from BFE and ECB the square BCEF
is formed congruent to the square ABCD. Now we usually denote equality with the sign =,
that is, A = B signifies that A and B are equal.

Things can also be called equal whose magnitude is the same. And magnitude is a
certain attribute of things, a given species [certa species] of which cannot be determined by
any definition or by any given concepts [certis notionibus], but rather some fixed measure is
needed which one may consult, and consequently if God rendered the entire world with all
its parts larger, preserving the same proportion, there would be no basis for noting it. But
with one fixed thing taken, as it were a measure, the magnitude of other things can also be
ascertained [cognosco| by applying it to the others and using the numbers of repetitions. And
so magnitude is determined by the number of parts that are equal to each other, or unequal
by some given rule. And although some thing may be incommensurable with respect to a
measure or with respect to things to which the measure repeated is exactly congruent, yet
by infinitely continued subtraction of the thing from the measure or the measure from the
thing as many times as possible, and of the remainder from what was subtracted, then the
quantity of the thing with respect to the measure is ascertained from the progression of the
numbers expressing repetitions. And consequently those things are equal that relate in the
same way to the measure with respect to repetition, and eo ipso it is clear that they can be

4Leibniz began to write here ”extensi ut ubique simul congr—s” (it is the nature of extent that... every-
where at the same time congruent...) and then crossed this out in favor of the longer statement about space,
extent, and bodies.



made congruent, since they are resolved in the same way into parts respectively congruent
to each other.

From this one also understands what Mathematicians call ratio or proportion. For if A
and B are two things, and the one A is accepted as the measure, then the magnitude of the
other B is expressed by some number (or series of numbers proceeding according to a given
law), setting A to be expressed by unity®. But if neither is the measure, then the number
expressing B by A, as if A were the measure or unit, expresses the ratio or proportion of A
to B. And in general the expression of one thing by another homogeneous one (or i.e. one
resolvable into congruent things) expresses the ratio of one to the other, and hence ratio is
the simplest relation of the two as to magnitude, in which no third thing homogeneous to
them is assumed for expressing the magnitude of the one from the magnitude of the other
by its value. For example, let A and B be two magnitudes (see Fig. 11), and let us aim to
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determine their ratio to each other; let us suppose A is greater and B lesser, and therefore
subtract B from A as many times as possible, for example 2 times, and suppose C remains;
this C is necessarily smaller than B, and so let C be subtracted again from B as many times
as possible; now suppose it can be subtracted 1 time and the remainder is D, and D can be
subtracted from C again 1 time and the remainder is E, and finally D can be subtracted

from E 2 times and the remainder is Nothing. Clearly, A Do +Cand B=1C+D (2);
therefore by substituting for B in eqn. 1 the value expressed in eqn. 2, A = 2C +2D + 1C
(3), or A=3C +2D (4). Again C = 1D +E (5); therefore (from equns. 4 and 5), A=5D +3E
(6), and (from eqns. 2 and 5), B =2D +E (7). Finally D = 2E (8). Therefore (from equns. 6
and 8) comes A = 13E (9) and (from eqns. 7 and 8), B = 5E (10). From this we see that
E is the greatest measure common to all, and setting E as the unit, we have A = 13 and
B = 5. But whatever unit is assumed, A and B will still be to each other as the numbers
13 and 5, and A will be thirteen fifths of B or A = 1—538 (that is A= % if B were the unit),
namely A is 13E, while E is a fifth of B; on the other hand, B will be five thirteenths of A
or B = 1—53A, for B = 5E whereas E is one thirteenth of A. Now it is clear that the quantities
homogeneous to A and B arising here are, in order,

A B C D E
13 5E 3E 2E IE,

and the numbers of subtractions or quotients are 2, 1, 1, 2. And if we cannot arrive at some
final thing (like E here) that measures all the others by exact repetitions of itself, so A and
B cannot be resolved into parts congruent to this measure itself, and thus also to each other,
then we will not arrive at values expressed by numbers of this kind, which a mere repetition
of units produces; however, from the progression of quotients itself we can ascertain and
determine a species of ratio; just as here given the series of quotients 2, 1, 1, 2 the ratio of

5The Latin “unitas” is translated sometimes by “unit” and sometimes by “unity”.






